UNIT
VECTOR CALCULUS

PART-A

SHORT QUESTIONS WITH SOLUTIONS

Q1. Define the following,

(i) Gradient

(ii) Divergence

(iii) Curl.
Answer :
@) Gradient

The gradient of scalar point function fis defined as,

of .o o

grad f=Vf=ig-+j ay+k

(ii)  Divergence
The divergence of a continuously differentiable vector point function ‘F” can be defined as,

oo _ .OF | .OF
divF=V.F=i7- o oy 9y +kaz

Where,
F=fi+ o+ vk

Then,

. . 0 ) o) .
divF =V.F= z§+]8*+k§-(ﬁ+¢]+\l’k)

V= o E)q) oy
Bx By dz
(iii) Curl
The curl of a continuously differentiable vector point function ‘F” can be expressed as,

CurlF:VXF lxaa_F+]X%_F+k><%§

If,
F=fi+o+vyk
Then,

Curl F=V x F= 25+ %§+k8—FX(ﬁ+¢j+1uk)

ik
lo 8 8 _(a\v 8¢>+(af 3l+k<3i 1)
“|ox 9y oz dy oz dz — ox ox Ay
Sy
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5.2 MATHEMATICS-I
Q2. List out the properties related to gradient, divergence and curl.
Answer :
The following are the properties related to gradient, divergence and curl.
2 2 2
% div grad f= V= gx{ + E;yj: + aaz{
s curl grad f=V xVf=0
& diveurl F=V.VxF=0
< curl curl = grad div F— V*F
ie, Vx(VxF)=V (V.F)-V*F
% grad div F = Curl curl F + V*F
ie, V(V.F) =V x (VX F)+ VF
% grad (fg) = flgrad g) + g(grad f)
ie,V(fg)=fVg+tgVf
% div (fG) = grad .G + fidiv G)
ie, V.(fG)=Vf. G+ V.G
s curl (fG) = (grad f) x G + flcurl G)
ie, VX (fG)=VfxG+fVxG
%  grad (F.G)=(F.V)G+(GV)F+Fxcurl G+ G x curl F
ie, VIF.G)=(FV)G+(GV)F+Fx(VxG)+Gx(VxF))
% div (£ x G)=G.(curl F)— F.(curl G)
ie,(VFxG) =G (VxF)—(VxG)
% curl (Fx G)=F(divG) - G(div F) + (G.V) F - (F.V)G
ie, VX(FxG)=FNV.G)-G(V.F)t(GV)F-(FV)G
Q3. Compute the gradient of the scalar function f(x, y, z) =e¥ (x + y + z) at (2, 1,1).
Answer : Dec.-16, Q9
Given that,

Sx,y,z)=e¥(x+y+2)
Point, p=(2, 1,1)
Gradient of a function is given as,

of .9 9
szza'—x+]%+kal

T A 5
=i g[e y(x+y+z)]+]@[(e y(x+y+2)]+k§[e“(x+y+z)

=i[eVyx+tytz)+e?]+jleVx(x+y+z)+te”]+ke™
Vf oy =ile' (1) 2+ 1+ 1)+ 0]+ [ (2) 2+ 1+ 1) + &'+ ke
=i[e*4 + e?] +j [€X(8) + €] + ke?
= 5%+ 9e% + ke? = & [5i + 9j + k]
© VSl =€ [5i+ 9+ 4
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UNIT-5 Vector Calculus 5.3

Q4. Evaluate V2 log r where r = /x? +y? + 22

Answer :
Given that,

1
;= /x2+y2+22 _ (x2+y2+22)2

But, 7 = xi+yj+zk

82 82 82
V2 logr = 8_2+ay_2+az_2 log (x? + )2 + 22)1”?
2 2 2
8‘1 +%+§— Llog(x +y+2%) ['.'nloga=loga"]
0’ 0?
:l a_k,g (x> +y?+2%) +—10g(x +y +z) +——log (x*+y? +2%)
2 o’ 9z?
1| o 2x 0 2y d 2z
=E§x2+2+2+8_2 P e 2 2
yo+z V[ xT+yT+z oz| x“+y +z
9| x | 9 S z
x| X +yi ez oy xt 4yt 42 oz| x* +y* +2°
_ (x2+y2+zz)—x(2x) (x2+y2+zz)—y(2y) +(x2+y2+zz)—z(2z)
()c2+y2+zz)2 (x2+yz+zz)2 (x2+y2+22)2
- x2+y2+2272x2+x2+y2+2272y2+x2+y2+227222
- (x2+y2+22)2
B e i T i SR 2 i St
(xz+yz+zz)2
Pyt
- (xz+y2+zz)2
- 1
x*+y? 427
1
= —er*Z ['.'x2+y2+zz=r2]
,
V2 logr=r?
Q5. |If F is a position vector of the point P(x, y, z) then prove that Vf(r) f[r]ﬁ
F
Answer :

Given that,
i~ s a position vector of the point P(x, y, z).

e, 7 =xi+y+zk
Let, 0 =1(r)
q) A —x

Lo _x
ox r

X
=10
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5.4 MATHEMATICS-I
Similarly,

? = 0L and L=
ly r aZ r
Consider, V(f(r))
gy 207,005 90F
=V(©O)= =i+ 5 k
- f’(r)ff+f’(r>.1}+f'<r>.(5)l€
r r r

= S [x17+y}+z/;]
()

r

V) = £

7

~

7 (o7 =xi+yj+zk)

Q6. In what direction from (3, 1, —2), direction derivative of f = x2y?z* is maximum. Find the Maximum value.
Answer :
Given function is,
f=xH** .. (1)
Point, P(3, 1, -2)
Partially differentiating equation (1) with respect to ‘x’, ‘y” and ‘z’,
% = 2xyzz4
/A
ay
f

> = 43225

= 2yxzz4

grad f=Vf= Z?%

_=of =of Of
= lg—i_]@—i_ki)—z

(20224 ) +j( 2022* ) + ' 4222
Vfat the point (3, 1, -2) s,
vr=7(20)0 P (2] )72 P (2) /4GP (1 (27
= Vf=967+288/ 288k
= Vf=96(7+3/3k)
The direction derivative is maximum in the direction, 96( i+ 3j-3% )
V= \/962<12+32+(—3 )2)
= /96*(19)
=96419

The maximum value of direction derivative is, 96 x/@ .
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UNIT-5 Vector Calculus 5.5

Q7. Find grad ¢ where ¢ = (x>+ y?+ 2?) {;"."'}-rﬁ-f

Answer :
Given that,
0= (242 +) e VIR ()
Gradient of a function, ¢ is expressed as,
Jd -—d - a¢ = 8<|) —J0
d Vo=|i—t j—+k— |0 = +k— (2
grad ¢ = Vo = [ oy }D =t PSR 2

. FS10)
Consider, W

% = —(2+ )2+ 2) oV T iu.v = uxi+vxa—u
ox x4y 422 ox ox ox

a 2 2 2

+y2+
ICias s o I

ox Vxt+y?+ 22
a_q) re" [Py2ez . \/x2 +y2 +2° \/xz +y2 + 27
ox \/)c2 +y*+2°
@:x e—w[x2+y2+zz |:2—Vx2 +y2 '|‘Z2 }
ox
Similarly,
9% :)}.e_”2+yz+z2 [Z—sz +y? +22:|
dy
% =g oV [2—1,.-!.1:: ¥z
dz

Substituting the corresponding values in equation (2)
R P e I DI v B SR PR
= [ —yxr+yr 2 ]( xi+yj+ zF)
Vo = V¥ i+ |:2—‘Vx2 +y%+2° :| (xi+y)+zk)

Q8. Find the directional derivative of 2xy + z2 at (1, — 1, 3) in the direction of 1+2 ] +3K.

Answer :

The given function is,

2xy +z?
F=1+2]+3k
Let, ¢(x, y, z) = 2xy + 2* .. (1)
The expression for the directional derivative of ‘¢’ in the direction of r at (1, — 1, 3) is given as,
Directional derivative at (1, — 1, 3) =[V¢]at(1,_1,3) 7 ..(2)
Where,
Vo = 78_¢+J—,8_¢+8_¢ .. (3
dx dy koz

L P i+2j+3k @

"R 14449

. i+2j+3k

= I'= \/j— R
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5.6

MATHEMATICS-I

Partially differentiating equation (1) with respect to x,
yand z,

Jd
ox =%
d0
)
y *
d0
LA
oz ‘

Substituting the corresponding values in equation (3),
Vo = i2y+ j2x+k2z
[VOlut13= 12(-D)+ j2() +52(3)
= —2i+2j+6k . (6)
Substituting equations (4) and (6) in equation (2), B
(i +2j+3k)
V14

Directional derivationat (1,—1.3) = (—2i +2j + 6k).

_ 2+4+18 20

TR

20
Directional derivative at (1,—1, 3) = ﬁ

Q9. Find a unit normal vector to the surface x*+
y2 + 222 = 26 at the point (2, 2, 3).
Answer :
Given that,
f=x*+y*+222-26
. . . . of
Partial derivative of f'with respect to x is, Pl 2x
)
Partial derivative of f'with respect to y is, % =2y
Partial derivative of f'with respect z is, Frie 4z
of
grad f=Vf = 215
of Lo
Fox Ty TRz
i(2x) + j(2y) + k(42)
Vfat the point (2, 2, 3) is given as,
V= 2(2)i+2(2)j+43)k
= Vf=4i+4j+ 12k

Therefore, Vf'is the normal vector to the surface func-
tion, f=x*+)? + 222 =26

The required unit normal vector is given as,

Vi 4it4i+12k
VT @y + @R+ a2y
_ 46+ +3k)
vy16+16+144
_ Mitj+3k) _itj+3k
4y11 V11
Unit vector normal to the surface = itk
J11
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Q10. Find the angle between the two surfaces x? + y?

+z2=9,x?+y?2-z=3 at (2, -1, 2).
Answer :
Given surfaces are,
X+ +22=9 (D
X2+y?—z=3 ..(2)
Point P(2, -1, 2)

Angle between two surfaces of equations (1) and (2) is the
angle between the normal to the surfaces at the point (2, —1, 2).
Let, ¢=x*+)"+2z—9and
O, =x*+y'—z-3
The normal to first surface is expressed as,

”_1:V¢1

-9 -0 -9
- i Ly, +j— -z
lax(bl Jay¢1+ %

[ \% :ii+ji+ki}

=T @0+ j Q)+ kQ22)

noat(2,-1,2)=4; -2 +4k
Similarly, normal to second surface is,

n, = Vo,

= d ) -9
=1 Bx¢2+] ayq)z + ka—zq)z

= iQ0+ j@)+ k(1)

nyat(2,-1,2)=4i-2j—k

Angle between the normal is cos 6 = %
| m || n2 |
Substituting the corresponding values in above equation,
(@i-2)+4h).41 ~2j k)
V16 +4+164/16 +4+1

321

4 8
.. The angle between two surfaces is 0 = c0s l|:—]




UNIT-5 Vector Calculus 5.7

Q11. If f=xy*i+2x’yzj-3yz’k thenfind divf at (1, -1, 1).
Answer :
Given,
f = xy27+2x2y27—3y22F
— Xl P — — _
div f=V.f= ( Ao tjAs ay az).(xyzt +2x%yz ] —3yz’k)
9
= g(xy )+ —(2x y2)+ 5 (3y2%)

= otz () -3y ()
= 2(1) + 2x%2(1) — 3(22)

= div f =22 +)> - 6yz
div f at(1,-1, 1) =2(1)> (1) + (-1)> = 6(-1) (1)
=2+1+6=9

. div £ at(l,-1,1)=9

Q12. If wis constant vector, evaluate curl VwhereV=w x r.

Answer :
Given that,
 is any constant vector such that,
V=wmx
curl V'=curl (0 x )

=zfx<%(mx?))

—Zl x[—x + WX %; gx(axb)fa—axb—é— x%
=37 x [0+0xi]
=i x (oxi) = I[(i.0)o- (. 0)i] [ ax(bxc)=(ac)b—(ahb)c]

=Yo-2(1.0)i

curl V' =3m-m=2m

Q13. Define laplacian operator.

Answer :
The laplacian operator (V?) is defined as,

9,9 79|90, 590, 90
V'W"{’ax”afkazlax o azJ

772 9 50 00 cp 0 5c0 3 2000 -0 0 pi0 00, 0

ALl v vl wr Al wal U e A v mL wr wal T w wai e

82 82 82 az 82 82
B e ey
V.V =V
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5.8 MATHEMATICS-I

Q14. If F is a conservative vector field show that curl F = 0.

Answer :
For a conservative vector field, (F)
F=%¢
F= zi+ i—i—k J
ox jay 0z ¢
;90,500 ;00
ox “dy oz
Then,
Curl F =% xF
ik
_|2 9 9
ox dy oz
90 06 99
ox dy 0z
- (aﬂ 91 (3_¢_ia_¢) Lq| 2o _i(3_¢)
ay dz) oz dy Nox 3z oz ox ax dy ) dy\ox
| il PR
rﬁj 3:;3'* :nzcn'f# ﬁ':ra_}' dudy
= 1(0)- j(0)+k(0)
=0
S VXE=0
Q15. If Aiis a vector function, find div(Curl A).
Answer : Aug.-14, Set-2, Q1(vii)

The given vector function A can be written as,

A=Aji+A4y]+ Ak

i J Kk

- d d 0
Curl A Ax A = g 5 a_Z
Al AZ A3

o _0d) Aok o) on o
dy oz ox 0z ox dy
{ a _}a ka aA3 aAz aA3 aAl ~ aAz aAl
div (Curl 4) =V.(V x A4)= {—+$+g] ( [ > e g_g +k g_g

) (4 _an) o (4 aa), o (a4 o4
T ax dy oz ay ox dz ) odz\ ox Iy
0’4y, 9’4, 9’4, . 0% 4, . 9’4, 9’4,

~ Oxdy Oxdz Oyox Oydz 0zdx  0zdy

=0
div (Curl) 4 =0
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UNIT-5 Vector Calculus

Q16. Iffis a differentiable scalar field, then show that
VxVf=0.
Answer : Dec.-16, Q10
Given that,
fis a differentiable scalar field.
Consider,
Vx(Vf) = Curl (Grad f)
f s
Vf= axf”' oz
i j ok
9 i 9
=  Curl (Gradf)=|9x 9y 09z
o o
ox Jdy oz
[ o Szf] A I
dydz ~ dyoz Jxdz  Jxdz Jxdy  9dxdy
=0
Vx(Vf)=0

Q17. Show thatthe vectore*¥2(j +j+ k) is solenoidal.
Answer : June/July-17, Q10
Given function is,

fer (i)

A function F is said to be solenoidal if it satisfies the
condition,

V/=0

. .9 .0 d
Since, V=z$+]$+k§

9

= VI=| 8x+]av+k8

ex+)’*2z (l +] + k)
O [ xty2:\y O ( xtyp2\a O [ xtyos
= g(e 2 )+$(e +y2))+§(e y-22)
= e\’+y*22 (l) + er+y—22 (l) + e\»+yp2;(_ 2)
= \*Fnyz_;’_ ex+y72272ex+y,2z
= Qexty2z _ Qorty=2z
=0
= V=0

The vector is solenoidal.

Q18. If ¢ satisfies Laplace equation, show that Vg is

both solenoidal and irrotational.
Answer :

Given scalar point function is, ¢
‘¢’ satisfies Laplace equation
ie, V¢ =0
= V.(V¢p) =0 . (1)

5.9

A vector point function .F is said to be solenoidal if and
only if,

Vf =0 .. (2)

Comparing equations (1) and (2),
Vo is solenoidal
From the property of curl,
VxVo =0 (3
A vector j; is said to be irrotational if and only if,
Vxf=0 .. (4)
Comparing equations (3) and (4),
V¢ is irrotational

Vo is both solenoidol and irrotational.

Hence proved.

Q19. Define line integral.
Answer :
Line Integral

Consider a smooth curve ‘C’ in space, which is defined
by function 5 = f(t) , as shown in figure (1),

B
C
A
Figure (1)

Where, A and B are the starting and terminating points
of a curve respectively.

Differentiating a part of the 7 with respect to S’ gives
unit vector along the tangent to the curve ‘C” at point ‘P’.

. dr
Le, —=

ds

~|

Where,
ds— Differential of arc length at P € C.

Now, consider continuous vector point function F (r)
which is defined along curve ‘C’. The component of F(r)
along the tangent at point ‘P’ is given as,

F(r)t

Then, the line integral of F along C is given as,

- jre - Jros
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Q20. Define surface integral.
Answer :
Surface Integral

Surface integral is defined as an integral which is
evaluated over a surface.

Let’s consider a smooth surface 7 = j_"(u,v) and
continuous vector point function F(7) which is defined over
smooth surface as shown in figure (2).

Figure

Figure (2) represents the region of the surface, which is
divided into m sub regions of areas ds,, ds, ... 0s, ... 0s .

The vector area of S, is given as,
d4i = m;8S,
Where,

n; — Unit normal of 8S;
m —_— = y— f—
Consider the sum I = X F(7;).04; = XF(r;).n; ds;
i=1

As the number of sub surfaces increases the area of sub

surfaces decreases.

i.e., when m — o 8s, — 0, if it exists then integral is
called normal surface integral which is given as,

jf (F).dA (or) Jf.ﬁds

Q21. Define volume integral.
Answer :
Volume Integral

Consider a vector point function F (7). If ‘7 is the
volume enclosing the surface 7 = f(u,v) , then, divide volume

into m sub-regions, 8V, 8V, ...8V, ... 8V .
If F(%;) represents a point in dv, then, sum is given as,

] =

m

Tz

F(r,)d,

When, m — oo, §V,— 0 then volume integral is defined

as,

j F(F)dv (or) _[F“dv
V V

SIA PUBLISHERS AND DISTRIBUTORS PVT. LTD.

Q22. Define work.
Answer :

Work is defined as the integral of force acting on the
perpendicular displacement of a particle over some distance.

Let F be the force acting over a particle moving along
an arc AB, then the work done during a small displacement SR
is given as,

B
W= _[F.dR
A

Q23. Define the term potential function.

Answer :
Potential Functions

A vector field that can be easily obtained from a scalar
field is defined by a function called vector function. This
function is represented by F , which is equal to the gradient
of a scalar field. So that,

F = Grad (¢)

ie, F= Vo
Where,
F = Conservative vector and
¢ = Scalar potential.
Note
If F is conservative or irrotational then F = V ¢

Q24. Prove that the work done by a force F depends

on the end points and not on the path in a

conservative field.
Answer :

Let F represent the force acting on a particle moving
from 4 to B. During a small displacement Or, the work done
is F.or.

B
Total work done from A4 to B = IF dar
4

As the force F is conservative, there exists a scalar
function ‘g’ such that,

F =Vg
= fg—g + jg—g + Ez—g
Work done, * Y :

B _ _ _
Fdr J {fa—g+]a—g+Ea—g]x[fdx+]dy+I?dz]
A

B
J ox ~ dy 0z
A
Ak d d
=J % i+ Zay+ 284
ox dy 74
A
B

Thus, in a conservative field, the work done depends on
the end points 4 and B and not on the path from A4 to B.




UNIT-5 Vector Calculus
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Q25. Find the work done by the force F = 3x% +
(2xz —y)j *+ zk along the straight line joining the
points (0, 0, 1) and (2, 1, 3).

Answer :
Given that,
F=3x%+(2xz—y)j+zk
Points are (0, 0, 1) to (2, 1, 3)

Work done (W) = f F .dr

Where,
dr = dxi +dyj + dzk

= Fdi =3x*dx+(2xz — y)dy + zdz

(2.1,3)
=  Work done= f [3x2dx + (2xz — y)dy + zdz|
(0,0,1)
(2,1,3)
35 2 2
= [%-&-(2)‘2}}7%)‘5‘%
(0.0.1)

- [s+226)- 5+ 5]-[5]
1

=8+12+4- 7
_ 1
=245
_ 47
2
W= 4T7units.
Q26. If F= (5xy — 6x?)i + (2y — 4x) j then evaluate

/F.ﬁ along the curve y = x3 from the point
(1,1) to (2, 8).

Answer :
Given that,
F = (5xy — 6x%)i + (2y — 4x)j
Curve ¢ is, y = x° .. (1)
(x, y) varies from (1, 1) to (2, 8)
The vector 7 can be written as,
Fo=xi+ y}'
=dr= dxi +dyj
F.dr = ((5xy — 6x2)i + (2y — 4x)j).(dxi + dvj)
= <5xy - 6x2)dx +(2y — 4x)dy
From equation (1),
dy = 3x%dx.

ff.d_r = f((Sx.x3 —6x2)dx +(2x°

c 1
2

- f ((5x* — 6x?)dx + (6x° — 12x)dx)

1

- 4x)3x2dx)

2
= f (5x* —6x2 + 6x° —12x7)dx

50 6x° 6x® 12.x* >

53 e 4

= [x572x3+x673x4]f

= [25- 2027 + (20 - 3(2)*]
~[P =212+ (1) - 3(1)*]

=32-16+64—-48—1+2-1+3

=35

f Fadr =35,

Q27. Write the statement of Green’s theorem.

Answer :

If °S” represents a closed region in xy plane bounded by
a simple closed curve ‘C” and if M, N are continuous functions
of x and y, then,

Ide+ Ndy — J.J( 8N oM J dx dy

Q28. State Stoke’s theorem.

Answer :

Let “S” be a surface bounded by a closed non-intersecting
curve C. If F is any differentiable vector point function,
then

§ﬁ.d7 - qurl F.N dS

Where ‘C” is traversed in positive direction and N is
outward drawn unit normal vector.

Q29. State Gauss’s divergence theorem.
Answer :

Gauss’s divergence theorem states that, for a continuously
differentiable vector function located in the region £ bounded
by the closed surface S, then,

JF.NdS _ J.div Fdv
E

Where,
N — Unit external normal vector.
In cartesian form,

For F(R) = £ (x, y, 2) I + 0(x, », 2) J + W(x, ¥, )K then
Gauss’s divergence formula is given as,

”(fdydz+¢dzdx+wxdy) = ”J’[ai L9, 0w

edyd
PP
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5.12 MATHEMATICS-I
Q30. Write down the physical interpretation of Green’s theorem.

Answer :

Physical Interpretation of Green’s Theorem

Green’s theorem states that the amount of circulation around ‘C” is equal to the total amount of circulation of all the area
inside ‘C”. (i.e., circulation in D).

Figure
It can also be said that Green’s theorem converts a line integral around a closed curve into a double integral.

J.F.ds = chirculation of F.dA
C D

Q31. Write down the physical interpretation of stoke’s theorem.
Answer :

The cummulative rotational tendency of a fluid to spin across the surface “S” is equal to the circulation of a fluid around
the boundry curve ‘C’. i.c.,

J ! (VXV)Ads = iV.Tds

Where,

‘V” — Velocity field of a fluid flow

Curl ‘7’ — Measure of tendency of the fluid to spin or rotate.
7 — Unit normal to the surface ‘S’

T — Tangential component of the velocity field V.
Curl V

Surface (s)

Velocity field
\%

Figure

Q32. Write down the physical interpretation of Gauss’s divergence theorem.

Answer :

If a vector field F represents the flow of a fluid, then Gauss divergence theorem has the physical interpretation that the

total expansion (or contraction) of the fluid inside three dimensional region ‘J” equals the total flux out flow (or inflow) across
the boundary of V.

ie., J.J-‘I(V.F)dv= a// Fods
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UNIT-5 Vector Calculus

5.13

PART-B

ESSAY QUESTIONS WITH SOLUTIONS

5.1 SCALAR AND VECTOR FIELDS, GRADIENT OF A SCALAR FIELD, DIRECTIONAL DERIVATIVE,

DIVERGENCE AND CURL OF A VECTOR FIELD

Q33. Prove that grad (F.G) = Fx(VxG)+Gx(V xF)+(F.V)G+(G.V)F.
Answer :

Given equation is,

orad (F.G) = FX(VXG)+GX(VXF)+(F.V)G+(G.V)F.

Consider L.H.S of equation (1),

grad [ F.G]=V[F.G ]

= 2 FGl+ j%[ﬁ.é] k2 IF.G]
Dt
-|si2F| G| sid]

Consider,

Fx[VxG]= Fx ( 2 +]ay+kaz>XG

Il
!
X

.9 -
ZngG]

aG
PXaarrs

Il
!
X

- 3| 26| g6
G ~

F 4?(21'%)

- zi[%—f.ﬁ]—(ﬁﬂ)é

Fx[VxG]+ (FV)G = zz(%—é E“)
Similarly
GX[VxF]+ (GV)F = E{aa_i)c
Substituting equations (3) and (4) in equation (2),
grad[ F.G] = Gx[Vx F]+(G.N)F+F x[VxG] +(F.V)G

grad[ F.G] = F X[V xG]+ G x(V x F)+ (F.V)G+(G.V)F

)

)

(3

()

SIA PUBLISHERS AND DISTRIBUTORS PVT. LTD.



5.14 MATHEMATICS-I
Q34. If r=xi+yj+zk  then show that, V2(r") = n(n + 1)r"-2where T =H.
Answer :
Given that,
ro=xi+yj+zk
|,7| = ‘x;+y;+ z%‘
r= \/x2+y2+22
= 7= (XZ +y2 + ZZ)n/Z
902 9%  9?
Vi) = | —t+—s+— |
") [8x2 »? 092
82
=2 =" (1
axZ ( )
o uy _ ., 0r
. ") =nr o
o X or x
=nr N — =
r ox r
=nx.r"?
9% e n—3 OF 2
ax_z(” ) = n[r 2.1+x(n—2)r ’ g] = nlr"‘2 +(n—2)r"_3 x7:| =nr" 2 +nn-2)r"*x?
Consider equation (1),
2
Vzr" = a—zl"
ox

B Z nr"? +n(n-2)r""*x?

=3nr"2+nn-2)r"*(x*+yr+z?
=3nr"2+nn-2)yr"*(r?
=3nr"?+m-2n)r"?
=r"2[3n+n?*-2n]

= " [n*+n]

=nn+1)rm?

Vi) =nlnt e

[_.’,.2:x2+y2+22]

Q35. Evaluate V2 log r where r = x? +y? + 2?

Answer :
Given that,
r=x’ -i-y2 + 27
But, r= x;+y}+zz
2 2 2
V2 logr = |:8x_2+8y_2+az_2] log (x* + 32 + 2?)

* L 3 &
aﬂ5ﬂ§$%WW“ﬁ
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821 24,242 +—az log (x* + y* +2%) +—821 24yt42?
= ax—zog(x +y +z°%) ayz g y aZzog(x y +z7)
ol 2 Jiof 2y ] oaf  22 ]

ox x2+y2+zz_ | x?+yt+ 22 oz| x> +y*+2° |
o x| 9 y |9 2z |

ox x2+y2+zz_ | x*+y*+z7| oz x2+y2+zzd

LGP x 0 Pyt -2y | (PP ezt -z(22)
- 2 2 252 + 2 2 252 + 2 2 252
(x“+y +z%) (x“+y“+z%) (x“+y +z°)

B R s

=2 (x2+y2+22)2
PN y2+zz—x2+x2+zz—y2+x2+y2—zz_ x2+yz+z2 _ 1
’ (x2+y2+22)2 .(x2+y2+zz)2 .x2+y2+22
2
= ) [‘.'x2+y2+22=r2]
2
V2 logr= =z

Q36. Find the scalar potential (¢) such that F = Vo where F = 2xyz® i + x%23 j+ 3x%yz?K.
Answer :
Given that,

F =221 +X22 ] +3x52k

Gradient of a function is expressed as,

dp- do -~ Jo -
= 2 X727 4307k =a—¢l+—¢]+—¢k
X

Comparing f, ], k terms on both sides,

P (D)
ox
g—j}) =x’7} .. (2)
ﬂ = 3%y ..(3)
0z

Integrating equations (1), (2) and (3),

Ig—i) = J2xyz3 dx

2

= > v+ fy, z) = x* y2 + Ay, 2) (4
A [ 23
J@ = |x"z .dy
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5.16 MATHEMATICS-I

= ¢ =xy2+g(zx) . (5)
% = /3x2yzzdz
0= 205 hey)
= o=x2 T h(x,y) . (6)

The equations (4), (5), (6) will be consistent only when f{y, z) = g(z, x) =h(x, y) =0

¢ = x*z* + Constant

Q37. Find the directional derivative of the scalar point function ¢(x, y, z) = 4xy? + 2x?yz at the point A(1, 2, 3)
in the direction of the line AB where B = (5, 0, 4).

Answer :
Given function is, ¢(x, y, z) = 4x)* + 2x%yz.
Point 4 = (1, 2, 3), Point B= (5, 0, 4)
The position vectors of ‘4’ and ‘B’ with respect to origin ‘O’ are,
04 =i+2j+3k and
OB = 5i+0j + 4k = 5i + 4k
. AB = OB — OA=5i+4k—i—2j— 3k

=4i-2j+k .. (1)
The directional derivative = e.V(
Where,
‘e’ = Unit vector in the direction of AB
_ 4i -2j+k C4i-2j+k 4i-2j+k
T V@ | Vierarl V2
Vo = i%+ jg—$+ %

(4% +4xyz)i + (8xy+2x22) j+ 2x*y)k
Substituting values of ‘e’ and V¢ in equation (1),

The directional derivative is,

4i-2j+k

eVo = T.@yz +4xy2)i+(8xy+2x%2) j+ (2x* y)k
_ A(4y? +4ay2) - 2(8xy +2x72) + 247y [rii=j.j=kk=1]
Va1
At point (1, 2, 3) [ ij=jk=ki=0]
Vo - 4(4(2)° +4()(B) —2(B(H(2) +2(1)* 3) +2()*2
o V21
_ 416+24)-2(16+6)+4 160 -44+4
Va1 N
_l60—40 _ 120
N

120
.. Directional derivative at A(1,2,3) is Nl
21
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Q38. Find the directional derivative of f (x, y, z) =
+y2+ 22 at (1, 2, 3) in the direction of the vector
2i+3j+6k.

Answer : Dec.-17, Q17(b)

Given that,
Sy, 2)=x2+y* + 2
Point, P(x, y, z) = (1, 2, 3)
Direction vector, b= 2i + 3j + 6k
The gradient of a scalar function fx, y, z) is,
Vf(x, y, Z)_l% +]%+ l’cgi
=i ) R ) F kL )
=i(2x) +j2y) + k (2z)
Vf =2xi+2jy +2zk
VA(1,2,3)=2(1)i+2Q2)j+203) k
=2i+4j+6k
. . 2i+3j+6k
Unit vector, b = ﬁ
_2i+3j+6k
V49
_2i+3j+6k
7
The directional derivative of f in the direction of
2i + 3j + 6k,

= Vb a
= (2i+4j + k). 2T L0k

_4+12+36 _52
7 7

Directional derivative = % .

Q39. Find the directional derivative of xyz? + xz at (1,
1, 1) in a direction of the normal to the surface
3xy?+y=zat (0,1, 1).

Answer :
Given that,

f=xyz*+xz
P =(1,1,1)
g=3x+y-z
P,=(0,1,1)
Partial derivative of f with respect to x is,

8f

yz tz

. o . .9
Partial derivative of f with respect to y is, % = xz*

)
Partial derivative of fwith respect to z is, % =2xyz+x

Grad f = Vf:Zi%
of L of L of
Fax T 9y Tha
= i(yz +z>+j(xz )+ k(2xyz + x)
=iy z)+ j(x2) + k(2xyz + x)
Viat(l,1,1)= i1+ 1]+ j(1(12)+kO)1)(1)+1)
=2i+j+3k
Similarly,
og g _ 9g _
g—3y , $—6xy+l and 5> =-1
grad g= Vg = i(3y?)+j(6xy+1)+k(~1)

Vg =3y%i+(6xy+1)j -k
Vgat(0,1,1)=3(1)%+(6(0) (1) + 1) -

=3i+j-k
Unit vector normal to surface g is,
Vg _ 3i+j—k
Vel VEP+aP+(-17
_3itj-k
J11
Vg _ 3itj-—k
Vgl V11

Directional derivative of fin the direction of the normal
to the surface g,

. . .. Vg
Directional derivative = Vf .7==7
S Vel
Substituting the corresponding values in above equation,
3i+j—k
Directional Derivative= (2i + j +3k).|—F———
irectional Derivative = (2i + j ) 1
@G+ i+ GBI k)
V11
_6+1-3 _ 4
BTt

. . . . 4
Directional derivative = —— .
V11

Q40. Find the normal vector and unit normal vector
to the surface z2 = x2—y2at (2,1,/3).

Answer : June/July-17, Q9

Given surface is,

f=x27y2=22

2

= f=x*-)y'-z
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Point, P = (2,1, v3)
Normal vector to the surface is given as,
VfZi%ij%Jrk% .. (1)
Substituting the corresponding values in equation (1),
Vf = i(2x) + j(— 2y) + k(- 22)
=2xi—2yj — 2zk
Normal vector = 2xi — 2yj — 2zk
V/ s =2@1i=2(1) j - 2(/3)k
=4i-2j-2/3k
19 o1.0m = V@7 +27+(243)?
~J/l6T4+12

Unit normal vector to the surface is given as,

NS _ Y
VT IVfl ) - ()

Substituting the corresponding values in equation (2),
vf  4i-2j-23k

i 2/8
_2i—j—43k
V8
Unit normal vector = m .
V8

Q41. Find the constants a, b such that the surfaces
5x2—2yz—9x =0 and ax?y + bz® =4 cut orthogo-
nally at (1, -1,2).

Answer :

Given surfaces are,
fx,y,2)= 5x*=2yz—-9x =0 . (D)
g, y,z) > ax’y + bz’ =4 .. (2)
P, y,2)=(1,-1,2)

= x=lLy=-1,z=2

Substituting x, y, z values in equation (2)

a1y (- 1)+ b2 =4

= —a+8b=4 (3
Consider,
_of . of . 9
Vf— gl‘F@J‘ng (4)

From equation (1),

d
%=5(2x)—9=10x—9
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I _
@—722
of _
8—2_ 2y.

Substituting the corresponding values in equation (4)

VF=(10x—9) i+ (~22)j + (- 2k

VI |y 215y =101 = 9) ~2(2)j - 2(- Dk

(1, -1,
= n=(10-9)i-4j+2k
= nm=i-4+2%
Consider,
_9% ., 9% ., 0g

vg_E)xH_ay VAN
From equation (2)
9
% =ay(2x) =2ayx

g _
ay

ax?

%g = b.(32%) = 3bz?

Substitutin the corresponding values in equation (5),
Vg =2ayxi + ax’j + 3bz’k

Vgl ,=2a(-1) (1) i+ a(1)*j + 362k

(1,-1,2
= ny=-2ai+aj+12bk

As n, and n, are normal vectors to surfaces (1) and (2)
respectively,

W =0
(i —4j + 2k).(—2ai + aj + 12bk) =0
1(—2a) —4(a) +2(12b) =0
—2a—4a+24b=0
—6a+24b=0
—6(a—4b)=0
a=4b.

L A A

Substituting @ = 4b in equation (3),
—4b+8b=4
4b=4 =b=1
Substituting b = 1 in equation (3),
8§—4=a
= —a+8(1)=48
= -—at+t8=4
= a=4
a=4,b=1
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Q42. Find the angle between the surfaces ax? + y2 + z2— xy = 1 and conservative bx?y +y2z+z=1 at (1, 1, 0).
Answer :

Given surfaces are,
ax* +y?+ 2 —xp=1
bx’y+yz+z=1
pointp=(1, 1, 0)
The angle between the two surfaces is the angle between the normal to the surfaces at (1, 1, 0)
letd =ax’ +y*+22-xp—-1;¢,=bx’y +yz+z-1

.O¢1 . 9p1 |, 91
n, = Vo= ZW*‘]W*‘]{@

n, =iax—y)+j 2y —x)+2zk

n ‘ 11,0~ ia()—-1)+j2(1)-1)+2(0)k

S Qa—1)i+j

B 002 | 92 oh2
nz—V(I)z— leL]WJrk?

=i(2bxy) + j(bx* + 2yz) + k(G? + 1)
n2la,1,0) = i2b(1) (1)) +j(b(1)* +2(1) (0) + k (1)* + 1)
n |(1,1,o) =2bi+jb+ 2k

11,0)

Let O be the angle between ¢, and ¢,, then,

n. n
[ 2]

_ (@a-1)i+j).(2bi+ jb+2k)
JQ2a—1)2+(1)2/(2b)2 + (b)* +(2)
_ 2a—-1)(2b) +1(b)
J(@a*— 4a +2) (4p> + b*+ 4)

cosH =

_ 4ab—2b+b
J(@a*— 4a +2) (5b*+4)

dab — b
J(@da*— 4a +2) (5h*+ 4)
4ab — b
J@da*— 4a+2)(5b* +4) )

= 0= cosl(

1 3
Q43. If prove that V. [I‘V (r_”)] =—-, wherer=/x*+y’ +z
r

]

Answer :

Consider, V'{FV(LH
i
1 1
vVl — || = V.|V ——
|:r (r3 )] [ x2+y2+22)3J
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I
<
~

PN B R VLI N SR V- SR R
lax (x2 +y2+22)3/2 ]ay (x2 +y2 +ZZ)3/2 aZ (x2 +y2+22)3/2

I
<
~

(xz +y2+22)3 (xZ +y2 +Z2)3 (x2 +y2+22)3

v N YRC S S NI S S e —3Zl€(x2+y2+zz)”2
= Vit (C+ 2 +22) - 2. 2 3 >, 2. 23
X4y +z%) (x"+y +2) (x"+y +z)
Uy (52 4 2422

217122 (—3xi —3yj—3zk)}

I
<

= V.|:(x2 +y2+z%)

e (=3xi —3y) —3212)}

x17+yj_'+zlz
.(xz +y2 +zz)2

SN N N P S I .| I
i ox (x2+yz+22)2 ay (xz+yZ+22)2 oz (x2+y2+22)2

=_13 i X +i Y +i ;
-ax (x2+y2+zz)2 dy (x2+yz+zz)2 0z (xz+y2+zz)2

F(x2+y2+22)2—x><2>< 2x(x2+y2+22)+(x2+y2+22)2—y><2><2y(x2+y2+22)

;( 3203+ +2) () ) +}( 3202+ + )2 (2) ) N k( 3203+ +22)2(22)

=-3
(x*+y*+2%)° (x* +y*+ 2%
+(x2+y2+22)2—z><2><22(x2+y2+22)
i (2 + y2 + 2%)°
:73—(x2+y2+22)2—4x2(x2+y2+22)+(x2+y2+22)2—4y2(x2+y2+22)
(x2 +y2 +22)4 (x2 +y2 +22)4
+(x2+y2+22)2_422(x2+y2+22)
I (2 + 2+ 22
32+ 12+ 22
_ (xgx+y2y+ 22)24) [ +y2+2%) — a2 + X2+ )2+ 22— 4y + X2+ + 22 477
-3 2, .2, .2 2,2, .2 2, .2, .2
:m[—bc +y +z" =3y 4 x4z =3z +x"+y7]
X +y 4z
-3

e i
(x2 +y2 +22)3

3x? +y? +27] 3
(x2 +y2 +zz)3 - (x2 +y2 +Zz)2

3
= —4=RHS
(r)

)
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UNIT-5 Vector Calculus 5.21
Q44. Prove that div.(grad r") = m(m + 1) r™2
Answer :
Given that,
V(@) = m(m+1)rm? .. (1)
Position vector, r=xi +yj+zk
Andr=|r|
= |7| = ‘x;+y;+ z%‘
= r= xz+y2+zz=()cz-i-yz-i-22)”2
= rm= (xZ +y2 + ZZ)m/Z
Consider, LHS of equation (1) i.e., V2"
Where,
V2 — Laplacian operator
92 9% 0?
= ——t——t—
ox*  9y? oz°
82 2 82
V()= | —+——=+—= |
( ) ax2 ay2 aZZ
a2
E)x_zr .. (2)
or
— (™) = m-1 "
Take ax(r ) =m.r W
=mrm 2 .. i _x
r “ox -
=mxrm"?
2
BaxZ (") =m [F’H.l +x(m=2)r"* %]

2
=m [r""2 +(m-2)r"* x7]

=mr"2+m(m—-2)r"*x?

Consider equation (2), we get,
2

v = Y
= D> mr A m(m=2)r X
=3mr"?+m(m—2)r"* (x*+y*+ 2%
=3mr"+m(m-2)r"*(r?
=3mr"2+ (m>-2m)rm?
=r"2[3m+ m?*—2m]
=m(m+1)rm?

V) =m(m+ 1) rm?=RH.S

Vo= x24y24z?
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5.22
Q45. Find curl f where f = grad (x® + y3 + z° — 3xyz).

Answer :

Given that,
F=grad (x* +)* + 2> — 3xy2)

Let, p =x>+3* + 2> - 3xpz

o .9 9
grad¢=z§+]$+ 2z

- ig—x[ﬁ +y3+ 2% = 3xyz]+ jaa—y[x3 +37 +27 3xyz] + ka7 [x*+y° + 2= 3x7]
=i[3x? = 3yz] +j [3y* — 3xz] + k [32* — 3xy]
F=i[3x* = 3yz] +j [3y* - 3xz] + k [322 — 3x)]

Curl of a function is given as,

i j ok
9 9 9
Curl F=|0dx dy oz
OF 9F OF
ox Jdy oz
i j k
_| 9 9 9
N ox Iy oz

[3x2—3yz] [3y%-3xz [3z°— 3xy]
=i[-3x—(30)] —j [- 3y - 3] + k[ 3z - (- 32)]

=0
Curl F=0.
Q46. Prove that Vx(AXr J: (2-nA _n(rA)r
r" r” rn+2
Answer :
Given equation is,
AxF) _ @-n)d  n(FA)
VX( ' J_ I (D)
r r 7
But,
F e and e o
T Ty
ox s dy , 0z
Differentiating partially equation (1),
zri = 2x = ﬁ = i
X ox r
Similarly,
or :Z i—i
dy r 9z r

b}
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Consider,

Il
|
1
~
S
<5
|
3|
S
~
S
L
| G
|w
N

Il
R |
X
~
N
<
|
il
S
N
N
|
~
Il
R |
X
—
N
=
~7)
|
]l
S
N
=
b
=
-

_AXi_ n T

n I”n+2

7 i(AXF] B iX(ZXlT)_ nx

- — IX(AX7)
r r

_EDA=GAT - mx i T A

n+2

r" r

n

Suppose,
A = A+ Ayj+ Ask o)
Multiplying ¢7 * on both sides of equation (4),
i.A=4

Equation (3) becomes,

9 AxF A—Ai -
a—( )[ ) o LA = 47]

r r r

Taking ‘%’ on both sides,

- o AxF A-Ai -
D e Y e

r r
Simplifying the above equation,
_ 34-4 n

nr
n+2

)=
(r 4)+
" rn+2 r

(A x+ A,y + A;z2)

nr
+2

- = (r*A)+

r r'r r"

(A7)
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Q47. Prove that div (A x B) = B.curl A- A.curl B.
Answer :
Let,A=Ai+A,j+Akand
B=Bi+B,j+ Bk
Consider,
+ - 4+
i j ok
AxB= 4 4, 4
B, B, B
=i(4,B,-AB)—j(AB,~AB)+k(4B,-A4,B8)
=i(4,B,~A,B) +j(4,B,—AB,)+ K(4,B,-A4,B)

- Zi(AzBs —4;B,)

.0 .0 0 )
V.4 % B)= (la—x+]$+ka—z)21(AzB3 — 4AsB,)

d
= Zg(f‘lz& ~ 43B,)

o4y _

Consider,

ox dy oz
B, B, B

(om, am ) (on, om ) (om, an
dy 0oz ox oz ox dy
N AN AW
dy 0oz dz  ox ox dy
3 (L 0B
dy Oz
A(V x B) = (Ali+A2j+A3k)2i[

9B, OB
. A(VxB)= ZA{a—;—a—ZZJ

Similarly,

A, oA
B.(V x 4) = 231(8—;—8—;)

(VxB)

dy oz

Subtracting equations (1) and (2),

04, 94 0By 0B
B(VxA)~A(V xB)= ZBI[B_;_B_;J_ZAI[T;_TZZJ
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Expanding equations (1) and (5),
V.4 *xB)=B.(VxA4)—A.(V xB)
(or)
div(4 x B)y=B.curl A — 4. curl B
Q48. Prove that V x (V x A) = -V2A + V(V.A).

Answer :

Consider,

Vo (Vxdy=ix L (Vxdy+)x i(VxA)+kx 9 wxa ov=idy 9l
ox dy oz ox “dy oz

.0
= VX(VXA)=21><$(V><A)

'xiVxA—iXi ixa—A+ a—A+k><a—A
P o (Vod) = DX X X, TG,

ox? oxady Ox0z
(%4 (. 9%4) . 324
= IX[IX— |+IX]| JX +iX| kx
ox? dxdy 0x0z
aA 82A+i82A '+i82A e 1 ii=0.ik=0
ax ox? dxdy ox0z [-+ii=1,ij=0,ik=0]

_ o040 .04\, 0.4\ 24
*lax<’ax>+fa ( ax)”‘az( ax>‘ o

o) 4
ox ox?

, ( 9’4 . 94 E)ZAJ
= ix|ix + jx + kX

i —(VXA) = (

sz—(VxA) —VZI——Z

9’4 9*4 9%*4
+ +

x> 9 9z’

V % (V x A) = V(V.4) — V24

—V(V.A)—( ) V (V. 4)-V4

Q49. Prove thatcurlaxb)=adivb-bdiva+(b. ¥)a-(a.7)b.

Answer :
Curl (a x b)= Vx (ax b) [ VA=, %;1 K24
_ fxi(axz?)+jxi(axﬁ)wéxi(axz?)
ox dy 0z
x| P raxt + % 9 paax |+ 9a 5. g xab] .'.i(a+5)=a—ax(b_+5)xa—b
ox ox dy dy oz ox ox ox
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~ob)\_ ._0b r—da —(~da ~0b _ ~_ 0b
+l((].§Ja—(z.a)g]+[(j.b)$—b(j.gﬂ+|:(].$a—(].a)$:|

(;B_E)H; }a—a +E(l€.a—a)
ox dy z

= BV)a+(V.h)a - (Va)b - (@V)b ( @vr=@nd+ (E})%+ (5.1@)3—2)
= a(V.h)-b(V.a)+(b.V)a —(a.V)b

= adivb —bdiva + (b.V)a —(a.V)b

.. Curl(axb) = adivb —bdiva + (b.V)a —(a.V)b

Q50. Show that V.(V.F)=V x(V xF)+V2F
Answer :
Consider,

V><(V><F) :ixi(VXF)+j><i(V><F)+k><i(VxF) --V:ii+ji+ki
ox dy oz )
=  Vx(VXF) =Zix§—x(VXF)

= ix E?_x(VXF): ix&i[ixai+jxw;+kxw]

2 2
o ’F +I.X[kx d F]
oxay 9x9z

*F). F 82F] [ a2F}
PR P i+ k ciii=1,ij=0,ik=0
{’ ]’ o [’ axay )7\ ovaz [-+ii=1,ij=0,ik=0]

y
, aF] °F

o) o

3 [,aF]+ 2 [,aF]Hci[,aF] 2
Pox )T vl ax az\"ax ) ax?
.0

= ix—(VXF) =V{

ox

Applying summation on both sides,

.0 _OF °F
= sza(VXF)—V lngQ

o’F 9°F BZF]
=V(V.F)- + +
V-F) [ awr 9y o
=V (V.F)-V°F

= Vx(VxF)=V(V.F)-VF
=  Curl (curl F) = Grad div F — V?F
V.(V.F)=Vx(VxF)+V*F
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Q51. Find divF, where F=r" T. Find n if it is solenoidal.

Answer :
Given that,
F=rv

F is solenoidal,

The vector ¥ can be expressed as,

F=xi +yjt+zk

= |r|=yx?+y?+22
= rP=xtt)y +2 .. (1)

Partially differentiating equation (1) with respect to x, y and z,

Similarly,

ca o Aa ~ A A
= ngfJ—“Lka—Z xityjtzk)r

= aa—x(xr")+%(yr")+%(zr")

or o o
= @) e gy e

N
=3 T oy yay 0z

34 ﬂ+ﬂ+£)

r r r
x2 4yt 22 .

=3 + ! — [ " From equation (1)]

2

=37+ ppr! )
-

=37+ nr’

=r'(n+3)

codiv F=r"(n+3)
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The vector F is said to be solenoidal if; it satisfies the following condition,
V.F=0
= r"(n+3)=0
= n+3=0
= n=-3

n=-3

Q52. Show that F = (y?—z? + 3yz — 2x) i + (3xz + 2xy)] + (3xy — 2xz + 2z) k is both solenoidal and irrotational.
Answer :
Given function is,
F=0?—22+3yz—-2x)i +(Bxz+2xy) j + Bxy —2xz+22) k
(i) F is solenoidal if and only if V.F =0

—=_(.0 , .0 2 . .
VF =<l§+@+k§> (37— 22+ 3yz = 2x)i + (3xz + 2xy)j + By — 2xz +22)k)

- %(f- 224 3yz — 20) + (%(sz +2) + 5 Gy - 2z + 22))

—0-0+0-2+40+2x+0-2x+2=0
VF=0 (1)

(i)  F is irrotational if VxF =0

i J k
= 0 o d
VXF = o N 9z

Y —z?+3yz — 2x 3xz+2xy 3xy—2xz+2z
= i(i@x —xz+22) — L (Buz + 2x )) _ '(i@x Oz 20— (P P+ By — 2x)>
gy Y oz Y I\ 9y P oz Y

3 3
+ k<§(3xz +2xy) 7@@27 224+ 3yz - 2x)>

=i((3x—-0+0)-(B3x+0)—j((By—2z+0)—(0-2z+3y—-0)) + k((Bz+2y) - 2y -0+ 32z-0))
=i(Bx—3x)—jGBy—2z+2z-3y) +k(3z+ 2y -2y —3y)
=1i(0) —j(0) + k(0)
=0
L VXF=0 .. (2)
From equations (1) and (2)

F is both solenoidal and irrotational.

Q53. Show that the vector function V= (x2 — yz) i + (y>— zx)j + (zZ — xy)k is irrotational and find its scalar
potential.

Answer : Dec.-16, Q15(a)
Given vector function is,
Vo= (x> yz2)i+(* = 3x)j +(22 - xp)k ()
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i j k
crv-ver-| 2 2 2

X —yz yP—zx 22— xy

=1

%(22 ) - a5 - =) - j[;%(zz ) a2 yZ)] (3 - zx) - %(xz - yZ)]

il(=x)—(=0)] - jI(-4) (D] + k[~ z - (- 2)]

il-x+x]— j[-y+y]+kl-z+z]=0i+0j + 0k =0.
Curl V=0

V is irrotational.

But, V=V¢

- V:%+%+% @

Comparing equations (1) and (2),
% - Py .. 03)
% — ) o )
% — 2y (5

Integrating equation (3),

)
% = f(x2 —yz)dx

= o = /‘xzdxffyzdx
3

=  $=F-nmztq .. (6)

Integrating equation (4),

- [z
= o= fyzdyffzxdy
3

= o = yT—xszrcz - (7)

Integrating equation (5),
9
e /(22 —xy)dz

= o= fzzdz—/xydz

i
= o= 3wzt - (8)

From equations (6), (7), (8),

3 3 3

340343
Scalar potential (¢) = % —-xyz+tec.

SIA PUBLISHERS AND DISTRIBUTORS PVT. LTD.




5.30

MATHEMATICS-I

5.2 LINE, SURFACE AND VOLUME INTEGRALS

Q54. If F = xyi — zj + x?k and C is the curve x = t?,

y=2t,z=t*fromt=0tot=1. EvaIuateJF-dr.
Answer : ¢
Given that,
F=xyi—zj +x*k
x=£,y=2t,z=¢Fand t=0to 1
dx=2tdt, dy=2dt, dz=3dt .. (1)
F=xyi—zj +x%
=2 20)i - £+ ()
=2+ 1tk
And dr=dxi+dyj + dzk

1
[Far=[@ri- j ity i+ dy + ek
c 0

1
- J'(zﬁi.idx — 3 jdy +t*kkdz)
0
[ ii=jj=kk=1]

1
= j(zﬁdx —Pdy +1dz)
0

1
= '[2132t dt—132 dt +1*3t%dt
0
[.. From equation (1)]
1
- _[[4z4 — 26> +3¢%1dr
0

1 1
3t

SIA PUBLISHERS AND DISTRIBUTORS PVT. LTD.

Q55. If F=(5xy—6x?) i +(2y - 42) ] , evaluate JF. dr,

along the curve c in the xy - plane given by
y = x3 from the point (1, 1) to (2, 8).

Answer : Dec.-17, Q15(b)
Given that,
F=(Gu—62)i+Qy—42) ]
Curve cis, y =x° .. (1)

(x, ) varies from (1, 1) to (2, 8)
The vector 7 can be written as,
Fexityjtzk
= F=xity] [+ Inxy plane, z = 0]
=dr=dxi+dyj
Fdr =[(5xy—6x°)i + 2y —4z) j1.(dxi +dy )
= (5xy — 6x?) dx + (2y — 4z) dy

=(Sxy—6x%) dx + 2y dy
[2=0]

From equation (1),

dy =3x* dx - (2
_ 2
JF.dF :J.(5x476x2)dx+2(x3)(3x2)dx
c 1

[ From equations (1) and (2)]

2
=J'(5x4 —6x%)dx +6x° dx
1

5 3 6 5 3 6
2
_332) 674 s 140
5 3
- 30
jf.dF:SO
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Q56. Find the circulation of F round the curve ¢
where F = (e* sin y)i + (e* cos y)j and c is the
rectangle whose vertices are (0, 0), (1, 0), (1, %),

T
(0.3)-
Answer :
Given that,
F = (e sin y) i + (e* cos y)j
Let, 4(0, 0), B(1,0) C(1, % Yand D(0, % ) be the vertices

of a rectangle as illustrated in figure.

Y
A
D(0, &
©2) c1 3
A0, 0) BLO) X
Figure

Circulation of F is given as,
[Far= [Far+ [Far+ [Far+ [Far ..
c AB BC cD DA

F.dr=(e"sinyi+e*cosy j).(dxi + dyj + dzk)
= e"siny dx +e*cosy dy
Along AB:
Here,y=0=dy=0

x varies from 0 to 1.

fF.dr = fexsin(O)derel cos(0)(0)

AB AB
—0+0
fﬁm=o
AB

y varies from 0 to % .

fF.dr = fe(l)siny(0)+elcosy dy
BC BC

=e | cosydy

< \
B

= e[siny]z

5.31
= e[sin% —sin O]
=e[1-0]
=e
/F.dr =e.
BC

Along CD
Here, y = % =dy=0
x varies from 1 to 0

/F.dr = f[e"sin(%)dere"cos%O
D cD

=e'—e
=1l-e
/F.drzl—e
cD
Along DA:

Here,x=0=dx=0

y varies from % to 0

fF.dr = /eosiny(0)+e°cosydy
DA DA
0
= /cosydy
%
0
= [sin y]x
2
=0-1
fF.dr =—
DA

Substituting the corresponding values in equation (1),

./Fw"=0+e+1fefl=0

C
- fFWZQ
C

Q57. Evaluate “.K.n ds where A = 18zi-12j+3yk
s

and S is that part of the plane 2x + 3y + 6z = 12

which is located in the first octant.
Answer :

Given that,

A= 18zi—12j+3yk
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Let, 0=2x+3y+62=12 . (1)
_12-2x-3y
6
- Vo
A.n=[182i=12j+3yk].—— -2
Vo] @
Considering,

Vo = |:zai+]%+k J

}y+@+&n)
- 2i+3j+6k
Vo  2i+3j+6k

IVO|  J4+9+36

 2i+3j+6k
7

n=

..(3)
Substituting equation (3) in (2),

An = [18zi —12j+3yk] x %[25+3}+6/€]

[362-36+18y]

\1|~

%[36[12—2)(—3)/]

36418
6 y}

. 12-2x-3y
6

1
= 7[727 12x — 18y —36 + 18y]

1
. An = 7[36—12x]
If R be the projection of S on the xy-plane,
dxdy  dxdy

Tkl (6)
7
. (e [fnts

_ J}[%(%—le)%dxdy

—dd

= '”.(6 —2x)dxdy
[ From equation (1)]
- Rof xy-plane is 2x + 3y =12
3y=12-2x

12-2x
3

y=

SIA PUBLISHERS AND DISTRIBUTORS PVT. LTD.

Aty=0,x=6
*. x varies from ‘0’ to ‘6’

y varies from ‘0’ to 12-2x

6 [a2-2x)/3
J' Ands — _[ I (6—2x)dy |dx
S

x=0 y=0
‘ (12-2x)/3
o [N R 2
x=0

6[12;2x] , [12-24]

— o

or 2
= J 24—4x—8x+%] dx
—oL

6 _4 2
_ %-12;&24} dx

x=0L

4 j—dx 12 Jx dx+24 de

= x= x=0

37° 270
_ ilx_] _12{)6_}
31 3 2

x=0 x=0

_ 4
jJA.n ds = —[63

9

s

= @—6(36)%4(6)

+24[x1°_,

]—%[36]+ 24[6]

=06-216+144=24
jJZn ds =24
s

Q58. Evaluatef ff:.ﬁds where F =6zi — 4j+yk and
S

S is the portion of the plane 2x + 3y + 6z=12 in
the first octant.

Answer : June/July-17, Q15(b)
Given that,
F=06zi—4j+ yk
Plane, 2x + 3y + 6z =12
Let,

d=2x+3y+6z—12
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Vo=i2)(2x+3y+6z—12)+ j%(Zx 3y -+ 62— 12) + k2 (2x+ 3y + 62— 12)
=1i(2) +j(3) + k(6)

=2i+3j+ 6k
iy
Unit normal,ﬁ=721 3+ 6k
V22 +32+6°
_2i+3j+6k _2i+3j+6k
Va9 7

If R is the portion of S on xy-plane, then,

f gf Fiids = f 1}/ Fi fzg

Now,
_ 2i+3j+6k) 122-12+6
Fii = (621 — 4 + yk) & ] ) 12z =
[21+3]+6k]
_6
7
k=%

Limits of x and y in R-plane.

2x+3y+6z=12

R of xy-plane is,
2x+3y=12
= y:12—32x
Ify=0
12-2x=0
= x=6
Thus ‘x’ varies from 0 to 6 and y varies from 0 to ( 12523‘ )
Surface integral, f f Fids = f f Fi——= drdy
& 17kl
1220
12z 12+
[ e,
0 0
(12521)
—[ [ @z-2+ypdcay
0 0
12 2x
6 12 712+3
f f [ < z y) 2+yl|dx dy [ From equation (2)]

f=}

=/ f <47%x7y72+y>dxdy
0
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12—
6

N R

0 0

122x
6

e f o

- [FmS

6
=2 [3-xI[6- x1dx

0

6
%fx _ox+18]d

(=1

(=}

w|l\)

=202 ox \

36
209G 15|

Q59. Find the volume of the solid in the first octant
bounded by the paraboloid, z = 36 — 4x2 + z2 —

9y2,
Answer :

Given that,
z=36—-4x>+22-9)?

Consider,
z=0 to36—4x*— 97
z=36-4x>-97
z=0

9y? =36 — 4x?

y= %\/36—4x2
y=0to %\/36—4):2

Substitutingy =0, z=0
4x2 =36
xX*=9=x=3

= x=0to3

SIA PUBLISHERS AND DISTRIBUTORS PVT. LTD.

1
3 36-4x2 9y

17

—§\/36—4x2

_ _[ _[(36—4x2—9y2)dy dx
0

3T 3 %m
:I (36—4x2)y—9%] dx

0L 0

3 364
:j[(36 4x%)y -3y P dx

0

Il Il
O e S —_— W

(36—4x2)*? xﬂ dx

Il
= e

3
2 2,32
=—| (36—-4x")"" dx
o]
53
_ gj (49— x2))"? dx
0
53
_ 5!(22)3/2(9—x2)3/2dx
0
g
= 2 |8(9-x*)¥?dx
%4
- —J(9 2)3/2 g

= —J.(9 x )3/2dx

(36—4x2)%\/36—4x2 —;—7(36—4x2)3/2:|dx

%(36—4#)3/2 —%(36—4x2)3/2]dx

Let,x=3sin0=dx =23 cos 0 dO

x=23sin0 = 0=3sin0 = sin6=0 = 0=0

x=3sin0=3=3sin0 =sin0=1= 0= 3
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n From Green’s theorem,
2
V= %J(9—9sin26)3/230059d6 fde+Ndy=ff[%*]¥—%7Ay4]dxdy - (D)
0
M=xy ; N=y
g oM =52 - ON _ 0
) ’ ox
_ EJ'(32)3/2(1—sin2 0)*23c0s0d0 4
9 0 Consider,
n y=xy=x
2 -3
16 4 4 = x=x
= ?(3) Jcos 0406 — P_x=0
0
= xx@*-1)=0
= 144(&)(&)[5} = x=0,x=1
4-0 )\4-2 )\ 2 = x=0,x=1
x varies from 0 to and y varies from x* to x.
=144 x :1;_2 Substituting the corresponding values in equation (1),
1 X
= 2n /de + Ndy = / / (0 — x*)dx dy

. V= 271 cubic units

5.3 GREEN’S THEOREM IN A PLANE, GAUSS’S
DIVERGENCE THEOREM, STOKES THEOREM
(WITHOUT PROOFS) AND THEIR VERIFICATION

Q60. State Greens theorem in plane and apply the

theorem to evaluate ]{xzydx +y3dy, where C
C

is the closed path formed by y = x, y = x3 from
(0,0) to (1, 1).
Answer :
Green’s theorem in a Plane
For answer refer Unit-5, Q27.
Given integral is,
]{ x*ydx + y dy

c
Where, C is the closed path formed by the lines y = x,

y=x
The points are O(0, 0) and P(1, 1) are shown in figure.
AY
P

x=0 y=yx3

1 x

I [
| !
— S —
><I\J \
><i\)
&
S

Il
|
=
w
|
=
(9
~
=

b4 -

fxzydx+y3 dy = Izl
c

Q61. Using Green’s theorem, find the area of the
region in the first quadrant bounded by the

curvesy=x,y=%,y=%.

Answer :

Given curves are,

c,—oy=x
1
oY=
X
&Y=y
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The area of the region bounded by the curves in the first quadrant is shown in figure,

0
% S
A Q’k \/
z % \/
3 /Qw
?»/
Y
*
Sl
0(0,0) >X
Figure

The area bounded by the closed curve ‘¢’ is given as,

A= %f(xdy—ydx)

41
= 473

%(xdy — ydx) + ]{(xdy — ydx)+ f(xdy — ydvx)

CI Cz C3

Consider,
c iy=x
dy =dx
f(xdy — ydx) = f.(x.dx — x.dx)
c

- 74<0>

=0
Consider,
1
¢iy=
dy=—rd
—dx
y 2
1
-1 1
f(xdy — ydx) = f[x[ 5 ]dx - dx]
X X
[ 2

I I I
5 ~ -
~—, [ [
= I AL
=
= § |
‘D—‘
&
N —

= - 2[10g)c]12
—2 [log 1 —log 2]
—2(0—1log 2)
=2log?2
SlA PUBLISHERS AND DISTRIBUTORS PVT. LTD.
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: A y
Consider, ¢, : y = 4 y=x A y=x
) AL, 1)
- — C
dy 7 dx 2 C,
0 : 0(0, 0) >
f(xdy—ydx) = f{x.zdx— 4dx]
ey 1
0 Y
X X
= f(Zd - de] Figure
1
o From figure,
=f(0)=0 | M+ Nay= fde+Ndy+ [ Mac+ Ny .. 3)
1

Substituting the corresponding values in equation (1),
1
= 5[0+210g2+0] =log 2

Area of the region = log2 square units.

Q62. Use Green’s theorem to evaluate the line
integal f(xy+x2) dx + (x2+y?)dy, where C is

the closed curve of the region bounded by y =
x and y = x2.
Answer : Dec.-16, Q15(b)

Given integral is,

/(xy +x?)dx + (27 + y?)dy

C

.. (D)
By Green'’s theorem,

| Max + Nay Q)

oM
W]dxdy

Comparing equation (1) with L.H.S. of equation (2);
M=xy+x*; N=x*+)?
Given curves are,
y=xandy = x’
= x=x’
= x*-x=0
=
=
Ifx=0, theny=0= (0, 0)
Ifx=1,theny=1=(1,1)

The intersecting points are (0, 0), (1, 1) as shown
in figure below,

(@

(i)

G G
Along C| i.e., 04

x=0to 1
y=x
dy = 2xdx

/de-i- Ndy = /(xy +x2)dx + (x* + y?)2xdx

G q

(x(x2) + x2)dx + (x? + (x2)?)2xdx

O\)’_‘

S R A FR A T

Lo f3-ol o of-of o

+2[1

_1,1.2 2
~4t371"%
_ 17
!
_ 17
/de+Nd— L
Along Cie., AO
x=1to0
y=x
dy =dx

6

(@)
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fde-i-Ndy: f(xy+x2)dx+(x2+y2)dy
G, G
0
= /(xx+x2)dx+(x2+x2)dx
1
0
= f(x2+x2)dx+2x2dx
1
0 0
= f2x2dx+2x2dx= /4x2dx
1 1
310
_AxX | _ A g3 —4
=415 | =300 -1rl=3
o [ Max+ Nay= = (5
CZ

Substituting equations (4) and (5) in equation (3),

_17 4
_ 1
12
B .. (6)
Since,
M=xy+x*; N=x*+)?
om. _ . 9N _,
Iy ¥ *
N M _,
9% 3y X—X=Xx
From figure, limits of x are 0 to 1,
limits of y are x* + x.
= ff(%—%)dxdy:f x.dxdy
1 X
= f fx.dy dx
x=0 y=x2
1
= f[xy]xzdx
x=0
1
= f[x.xfx.xz]dx
x=0
1
= f(x2—x3)dx
x=0
1 1 3 a1l
_ 2 3, |x7 x
= /x dx — /x dx = [T_T]o
x=0 x=0
1.0 1,0 1
T 373 4 4 12
. oON oM _ 1
. ff(ax - o )dxdyf L ()
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From equations (6) and (7),

fde-i-Ndy = /f(%f%%lxdy

Hence, Green’s theorem is verified.

Q63. State stoke’s theorem and verify the theorem for

F=(x+y)i+(y+2z)j—xk and S is the surface
of the plane 2x + y + z = 2, which is in the first
octant.

Answer :
Stokes theorem
For answer refer Unit-5, Q28.
Given that,
F = (x+y)i+(y+z)j—xk

The surface of the plane 2x +y +z=2 lies on XY - plane
(i.e., z = 0) forms a triangle with the lines x = 0, y = 0 and
2x+y=2.

By Stoke’s theorem,

fF.dr = ffvxf.;ds
C s

z
A

C(0,0,2)

B(0, 2, 0)
y

A(1,0,0) 2x+y=2

Figure (1)
Calculating the value of / F.dr over the plane triangle
as shown in figure (1)
(@) Along AB
x varies from 1 to 0
z=0;dz=0
x+y+z=2=2x+y+0=2
=2x+y=2
=>y=2-2x
=dy=0-2dx
= dy=-2dx
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0

ff.dr= f((x+y)i+(y+z)j—xk).(dxi+dyj+dzk)

0
= /(x+y)dx+(y+z)dyfxdz
1
0
:/(x+2—2x)dx+(2—2x+0)(72dx)—x(0)
1
0
= f(—x+2)dx+(2—2x)(—2)dx70
1
0
= /(—x+2)dx+(4x74)dx
1

0
= f(—x+2+4x—4)dx

3.x? X
- szxl
3
= (07 - (17)-2[0-1]
3
= 5(—1)—2(—1)
3,0
2 2
Along BC
y varies from 2 to 0
x=0;dx=0
x+y+z=2=20)+y+z=2
S>y+z=2
=>z=2-y
=dz=0-2dy
= dz=-2dy

0
/f.dr = f((x+y)i+(y+z)j—xk).(dxi+dyj+dzk)

0
= f(x+y)dx+(y+z)dy—xdz
2

0
_ f(0+y)(0)+(y+27y)dy70.dz

2
0
=/0+2dy—0
2

0
= f 2dy = (2y))
2

=2(0)-2(2)=—4

(iii) Along CA
x varies from 0 to 1
y=0;dy=0
2x+y+z=2=2x+0+z=2

=>2xt+tz=2
=z=2-2x
=dz=0-2dx
= dz=-2dx

((x+y)i+ (y+2)j - xk).(dxi + dyj + dzk)

~—
R
S
I
Tt

(x+y)dx +(y+z)dy — xdz

Il
S \._

= [ (x+0)dx+(0+2—2x)0 — x(—2dx)

(=]

xdx + 0+ 2xdx

Il
o\_

1
=/(x+2x)dx
0
1
21!
= /3xdx= %0
0
_ 30 a3
- 2((1) —0)72

Fdr =-2 (1)

B(0, 2)

Ry <« 2x+ty=2

> > X
o P A, 0)

Figure (2)
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ik
g o9 0
VR S e e

xty y+tz X

—( X)=a- (y+Z)

il0 -0+ D]~ j[-1-0]+ 0 (0+1)]

i) —jD+k(=1)
=—i+j—k
Let, $=2x + y + z, then
_ V¢ dxdy
Vol ikl
2t jtk dx dy
Ja+1+17|2i+j+k ‘
Va+1+1
2t j+k dx dy
U 2 i k
N R
2+ j+k dxdy
o
V6

=Qi+j+tk)dxcdy

k

2x

1
/ V x F.pads = ff (—i+j—k).(2i+j+k)dxdy

(- 2dy)dx

1
v =f 2(2 - 2x) + 2(0)]dx

[-4+4x+0]dx = f(*4+4x)dx

2

1
—4x+4.x—] =[ 4(1)+4(0) +
2 o

=—4+0+2-0
=-2

//fo.ﬁds=—2

4(1)2
2

T~ TY—_ o.\a»—‘ T T T T
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From equations (1) and (2),

fﬁ%#/ﬂVHW$:J

c

Hence, Stoke’s theorem is verified.

Q64. Verify Stoke’s theorem for F = (x2 —y?)i + 2xy ] over the box bounded by the planes x =0, x = a, y = 0,
y=b,z=0,z=c

Answer :

Given that,
F=0(2—))i +2xyj and
x=0,x=a,y=0,y=b,z=0andz=c
By Stoke’s theorem,

J.F.dr = Icurl F nds

i ik
\Fovr=| = 22
eurt Fr=V ox dy oz

(xz—yz) 2xy 0

+

—l[—(o)——( xy)] [—(0)— (x —yz)] ’z[;—x@xy)—%(xz—yz)}

1(0) - j(0)+ k[2y — (- 2y)]

= kQ2y+2y) =41,

R.H.S
Icurl Fds = k(4 y)n.ds

"+ k.ids = dx dy and R is a region on xy-plane.

a

J.curl Fnds = :1[ j)[4y dy dx = JI:J.4y dy:ldx
0 0
‘jFﬁrﬁ—j”fﬁ”
oL 2 o 0

- zf[[b2 —0]dx = 2b2jdx
0

= 2b%[x]5 =2b[a - 0]
. J.curlf.n.ds =2ab* =R.H.S
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L.H.S
dr =i dx+ jdy

F=-y)i +Q2xp) j

jF.dr - J'[(x2 ) 4+ Q) Jlldx T+ dy ]

= i = )+ 2oy

\Z \

Z=¢C
=b
D C Y
A B X
x=0 ~
y=0 X=a
z=0
Figure

Along AB axis,y=0,dy =0
By substituting in equation (1),

_ f[(x2 —0)dx +0] — _[[xz] dx
0 0

Along BC axis, x=a, dx =0
By substituting in equation (1),
b

b
= [0+ @@ = 20y ay
0 0

Along CD axis,y=b,dy=0
By substituting in equation (1),

_ j[(x2 —b¥)dx +0] — J[(x2 —b?)dx]
0 0

Along AD axis,x=0,dx =0
By substituting in equation (1),

b
= fio-»"0+01 =0
0

a b a
JF.dr —AB+BC—CD—AD = sz.dx+ jzay.dy - j(x2 —b?)dx -0
0 0 0

ERL 27 R 2
2] +2a | 2] 7 = | —0
3 2 3 3

0 0 0

3 3
a 2 _a 2

=—+ab” ——+ab” =2gp?
3 3 2ab

- LHS=RH.S
J-F.dr = J.curl F nds =2 ab?

Hence, Stoke’s theorem is verified.
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Q65. Verify Stoke’s theorem for |—=> =(2x-vy) T —yz? T -y?z ; where S is the upper half surface x? + y2 + z2 =
1 of the sphere and C is its boundary.

Answer :

Given that,
F=0Qx-y)i-yz*j—)*zk

Surface, x> + )% + z> = 1 in xy-plane.
By Stoke’s theorem, JF dr = jjcurlF xdS
C s
i j k
curl F= | d/dx  d/dy 9oz
2x—y —yz2 —y’z
(ICIE RN I (IS SR AP T (LA A A
:{ay( y z)+az(yz )) j(ax( v z) aZ(Zx y))+ ax( yz©) ax( x=y)
=i(2yz+2y2)—j(0-0)+k(O0+1)=k

— o ([ dxdy
J;jcurlF.ndS _g”k —

nk

Where, R is the projection in xy-plane,

11
”dxdy _4 j jdydx [R+y=1=y=1-x2]

R x=0 y=0

= 4| —sin 1(1):|
2n
2 n .. (1)
2
JF.dr - J(2x —y)dx (" z=0, i.e., xy-plane)
C c
Let, x=cos © = dx =—:sinO dO
y=sin0
0=0to2m

2n
J‘I?.Jrzj.(h—y)dx = J(2cose—sin6) (—sin ©) d6
C C 0

2n
= J.[— sin 20 + sin” 0]d0
0
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cos 26|27t 27t1 —co0s20 5
2

ER

2n 2n
4 1 2
cos E—COSO+J—d9—JCOS ed@
2 2 02 0 2
_ 1 1,1, 1s5sin202=
=2-2729, 7272 1,
- (2)

= O+2—n—l.sin4n+ sin0

=0+m+0+0=m

. From equations (1) and (2)

_[ Fdr_ ”curlF.ZdS
C S

Hence Stoke’s theorem is verified.
Q66. Use stokes theorem to evaluate the integral fA.dr where, A = 2y?i + 3x?%) — (2x + z)k, and C is the

boundary of the triangle whose vertices are (0, 0, 0) (2, 0 0), (2, 2, 0).

Answer :
Given that,
A=2y% +3x2] - Qx+2)k

The vertices of triangles are (0, 0, 0), (2, 0, 0), (2, 2, 0)

By stoke’s theorem, J.,:l dr = Jj (curl A.n)ds

i k
Curl | A=V x4 = 9 9 9
wpAEYATIY Y %
¢ 2y? 3x2 —(2x+2)
~ 0 0 2 ~ 0 d 2 (0 2 J 2
=il = 233 |- =2 =@ k| —@3x})-—(2
z[ay((x+z) aZ(x)) J(ax((xﬂ) aZ(y))+ [ax(x) ay(y))

= 1(0)— j(-2)+k(6x—4y)

= 27+ (6x—4y)k

~Curl =27 +(6x—4y)k
The z co-ordinate of each vertex of the triangle is zero. Therefore the triangle lies in the xy - plane as shown in the figure

h=k

Curl 4.7 =(2j+(6x—4y)k).k

=6x—4y
SlA PUBLISHERS AND DISTRIBUTORS PVT. LTD.
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y
B(2,2)
O[©.0) A(2,0)
Figure
: . . 2-0
The equation of the line OB is y — 0 = 20 (x-0)

= y=x
'[Zé"r = Jj(curl A.n)ds
/2 f(6x —4y)dxdy

x=0 y=0

j.[j.(6x—4y) dy] dx
olo

2 4,2 x
= z!‘[6xy—%labc

2

J

0

2 3 2
4
- J'(4x2)dx - [LJ
3
0 0
4 32
_ ey -2
3() 3
Jadr=22
3

Q67. State Gauss divergence theorem in plane and
verify the theorem forF = 4xzi — y?j + zyk over
the cube x=0,x=1,y=0,y=1,2=0,z=1.

Answer :
For answer refer Unit-5, Q29.
Given that,

F =4xzi— vy + zyk

Cube isbounded by x=0,x=1,y=0,y=1,z=0,z=1

By Gauss divergence theorem,
//f.nds=/ffv.fdv

Calculating the value of f f F.nds over the six faces

of the cube, as shown in figure,

z

E F
A B

Y

G H

D
C

X

(i)  For the face ABCD, n=i,x=1

f/F.ﬁds=jj(4xziy2j+zyk)fdydz

ABCD 0 0
1 1
=/f4xz.dy dz
0
1
[ 41).zdzdy [
0

x=1]

1
4
7>0dy

N
—
LS}

=5 11-0]

=2(1)=2

(i)  For the face HFEG, i=—i,x=0

[/F.ﬁds—/lf(4xzi—y2j+zyk)(—i)dydz
00

HFEG
11
/ f —4xz.dy dz
0 0

:ff4(z)0.dydz [x=0]
0 0

=0
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(iii))  For the face HFBC, =1

fand =/l/l(4xzz V2 + zyk)jdx dz

HFBC
1
f — y?dx dz
0

——/lfl(l)zdxdz [y=1]

0 0
jlfldxdz
0 0

1
:—f(l—O)dz

0
lflldz

0
—l[z]})

11 -0)=—1
(iv)  For the face AEGD, i=—j,y=0

[ [ Fads - fl /l (dxzi — y2j+zyk) (= J)dx d

AEGD 0 0

o\}~

[x], dz

I
\
T —

(v)  For the face AEFB, n=Fk,z=1

[ [ Fids- j fl (dxzi — %) + zyk) kdx dy

AEFB 0 0
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(vi)  For the face GHCD, n=-k,z=0

fands f/(4xzz V2 + zyk) (— k)dx dy

GHCD
= ff—zy.dxdy
0 0

= /j(O)y.dxdy [z=0] =0
00
//f.ﬁds = fff.ﬁds-*— fffﬁds-i- fff.ﬁds+ /ff.fzds-i- fff.ﬁds-*— / ff.ﬁds
ABCD HFEG HFBC AEGD AEFB GHCD

Substituting the corresponding values in above equation,

fff.ﬁds =240+ (1)+0+ 5 +0

3

v [ [Fads=3 ()
fffVF'dV‘flflf1V~(4xzi—yzj+zyk)dv

0 0

(=]

1 1 1
L0 N
ff/<l$+]$+k§>(4xzzfyzj+zyk)dV
0

/lfl/l ox (42) — a (V)+ (zy) dx dy dz
; y

1

/

0

fjf(Sz 2y )dxdy dz

0

f=}
(=]

(4z—2y+z)dxdydz

Il
(=} \“— o
(=} \‘_‘ o

0
21\l
<Szy 2. %)()dx dz

Il
o\;.— o

0

=f1f1[52y—y2]%)dxdz

0 0
:ffl(52(1)(1)2)(52(0)02))dxdz= ff(szl)dxdz
0 0
s Lo (50519 o)
1

. Oj(<5<; B )dx [ 3o

0

=3 [1ax =30x} =3 (1-0)=

/ffV.F.dVZ% Q)
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From equations (1) and (2),

ffF.ﬁds=fvfvadv

Hence, Gauss divergence theorem is verified.

Q68. Evaluate fsﬁ.ﬁ using Gauss divergence theorem, where F = 2xyi + yz?j + zk and S is the surface of the
region bounded by x=0,y=0,z=0, x + 2z = 6.
Answer :
Given that,
F = 2xyi + yz°j + zk
S'is the surfac of the region bounded by x =0,y =0,x+2z=06

From Gauss divergence theorem,

ffds=fodv
= f./‘(nyzwLyZJJrzk)ndsf/ff

Where, F, = 2xy, F,=yz*, F, =z

OFi @ + % dxdydz

oH —> oF _ d3F3
x Py oz

f f (2xyi + yz%j + zk) s = f f f Qy + 2° + 1) dxdydz
N v

1

x+2z=6
Whenx=0,2z=6
= 2z=6
= z=3

z varies from 0 to 3
xX=6-2z
=  xvaries from 0 to 6 — 2z
x + 2z = 6 indicates XZ plane.
If xy plane is considered, then

x+2y=6
Whenx=0,2y=6
= y=3

y varies from 0 to 3
3 36-2z

fg f/f Qy+ 22+ 1) dxdy dz
3 3
= [ [@v+2+nmi Fayd
0 0
3 3
- [ [@+2+1)6-2-0)dyd
0 0

3 3
- [ [@6-29+2 62+ 6-22)dy
0 0
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3 3
= [ [y —ayz+62-27+6-22)dy d
0 0

3
12" 47 ’
:f[ 2)’ f%z+6zzy72z3y+6y72yzodz
0

3
=/[6(3)2—2(3)22+622(3)—223(3)+6(3)—2(3)z]dz
0
3
:f[54—182+1822—6z3+18—6z]dz
0
3
= [(72- 24z 4187 ~ 6z
0

2 3 473
4 4 V4
72z—24—2 + 18—3 —6—4 ]0

_ G .3 B ]
[72(3)—24 3+ 18-3— 6= 0
=216-108 + 162 23>
_ 297
2
297
S

Q69. Evaluate fffdiv FdV, where F =yi +xj +z2k over the surface of the cylinder x2 + y2= a2,z =0 and
v

z=h.
Answer :
Given vector field is,
F =yi+xj+z%k
The cylindrical region is bounded by x* +)?=a?,z=0and z=h

z
\

s,.z=h

_/53

AR
1
PN

> X

s,z2=0

Y dv=dxdydz

Figure
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f//v'de - ///V(yi +xj + 22k)dx dy dz
v v

« \/027x2 B

- / f /[l§+15+ka_z}(yl+x]+zzk)dxdydz

P2 0
R T
= — _— )
/ / f[ax +ayx+azz]dxdydz
—a \a2 xz 0

Il
\
'\‘
.\b

>

+

[w]
+
N
3
&
&
&

—-a \'az—xz 0
SR T T
= / /ZZ.dz.dx dy
—-a x/az x2 0
f iR
= “—|dxd
/ f 2. 7, x dy
—a 7xa2—x2

—a 7\/a27x2 —a

a

= n? /[«/azfxz'f‘\/azfxz]dx

—a

-1 [2/a - Pae = [ o

—a

2 a
Y 2d o .l(ﬁl]
g Ve —xiEysin

2 2
= 2n? [% Va* —a* + %sinl[a]] - _—; Ja* —(—aP + % Sinl(a]H
a a

2
Y %(o)+%smf1(1)+% azfazf%sin’l(—l)
2 2
= 212 0+%{§)+%(0)+%sinl(l)]
2 2 2 2
_y2|am a_[z] _ o2l an
s 0% 4 3

_2h2a’m

4
/f V.FdV = h*a*n.
v
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