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SEQUENCES AND SERIES

N\

PART-A
SHORT QUESTIONS WITH SOLUTIONS

Q1. Define sequence with an example.
Answer :

A sequence is defined as an ordered set of real numbers such as, u, u,, u, ... u,.

n
[T T}

Basically, a sequence is represented as “u .
Example

1,3,5,7...2n-1).
Q2. Define limit.

Answer :

A sequence tends to a limit ‘/” if for every positive number (¢ > 0), a value N of n can be obtained.
Such that,
[u,~l|<eVnzN
A limit can be represented as,
Lim(u,) =1

" on

(w)—>lasn— oo

Q3. Define convergent sequence and give an example.

Answer :
A sequence is said to be convergent sequence if it has finite limit.
Example
(L1
>4°9° 167 42

Q4. Define divergent sequence with an example.
Answer :
Divergent Sequence
A sequence which is not convergent is called as divergent sequence.
(or)
Let {s } be a sequence. Then {s } is said to be divergent sequence if Lims, = oo (or) —oo.

n— oo

Example
Let {s } = {n’}
= 5=
Lim s, = Lim n?
n—oo n— oo

= +o0

{s } is divergent.
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Q5. Define the convergence of an infinite series.

Answer :

An infinite series Zun is said to be convergent if

n=1

Gl n

,,Z::'un =;um =nI:)thn =1.

=1

Where / is a finite value and S is the »" partial sum of
the series.

Q6. State the necessary condition for a positive
series Za_ to be convergent.

Answer :

The necessary condition for a positive series 2a, to be
convergent is,

lima, =0
n—oo

ie,asn—o0,a — 0.

Q7. Discuss the convergence of the series
2

o3} 1_n
nZ=:1(1+n2> .

Answer : Dec.-16, Q3

Given series is,

()
n=1 n2

Let,
. 1 nZ
= (1+-5
o= (1)
1V
lim un=nli_)mm <l+?) =e

= lim u =e#0
n—> oo n
Yu is divergent
n
2

Hence, the given series z (1 +#) diverges.

n=1
n?+1

Q8. Discuss the convergence of the series 2
Answer :

Given that,

Z n*+1
n2
Let,
B n*+1
T2
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Apply limits on both sides,

] ) n?+1
= Lim u = Lim 3
n—yoo n—oo n
1
nz 1"‘72 1
. n .
= Lim u= Lim > = Lim 1+—2
n—oeo ' n—oeo n n—eo n
Lim u =1
n—eo

By theorem, if Lim u #0, then Z u is divergent

n—co
z:n2+l
n2
Q9. State comparison test.
Answer :

is divergent.

Comparison Test-1

If Zu and Zv, are the series of positive terms such that,
u <v_ V nand series Xv _is convergent, then other series Zu_
is also convergent.
Comparison Test-11

IfZu and Zv are the series of positive terms such that, u,
>v V nandseries 2v is divergent, then Zu is is also divergent.
Comparison Test-II1

If Zu and Zv are the series of positive terms such that

u
lim —* =finite (% 0), then Zu_and v _both converge or diverge

n—ooVy

together.

1
4l

Q10. Test the convergence of 2

n=l1

Answer :

Given series is,

— 1
2 241

n=1 11
Let,
1
W n*+1
1
v, =T

From comparison test,

1
Uy _ n*+1
1
v, =
SO
v n +1
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2

u, n
= — =
v, n(+1/n%)
u, 1
= =
v, 1+1/n
LNy R -
noey o= l41/n
1
S
=120
But, 2v =X — is convergent.
n
Hence, 2v _ is also convergent by comparison test.
Q11. State P-series test.
Answer :

1
Let, X — be a series, P € R,
n?

1
Then, X n_p

(1) Converges if p > 1

(i)  Divergesif0<p<1.

Q12. Find whether the series

convergent or divergent.

z'n\/nz -1 'S
Answer :

Given series is,

1
> T ()
Applying integral test,
1 : : .
f (X)=T\/2—_1 is a decreasing sequence in [2, o]

9= [— A
2 X )Cz—l

g |
=8S€C X
2

=[sec!t—sec!2]

= Lt[sec' t—sec™' 2]

—00

=secloo—sec!2

b T on fini
2_376_> nite

The given series,

1

S is a convergent series.
nyn —1

Q13. State Raabe’s test.

Answer :

z

. . ... . u,
If Zu is a series of positive terms and ,!]inm r{u —1] =k

n+l

Then,

(1)  Series is convergent for k> 1
(i) Series is divergent for £ < 1
(iii) The test fails for k= 1.

Q14. State Leibnitz’s test.

Answer : June/July-17, Q4

If £ (- 1)""u, is an alternating series then it is
n=1

convergent if,

@ uzu,>u,2.2u zu

ntl™""

(b) lm u =0.

n—yo0

Q15. Define an alternating series.

Answer :
Alternating Series

A series which contains alternative positive and nega-
tive terms is known as alternating series. The expression for an
alternating series is given as,

U — w7t —u, o FED u
(or)
(-1)""u,
n=1

Q16. Define the terms (a) absolute convergence and
(b) conditional convergence of a series with
arbitrary terms.

Dec.-16, Q4
OR
Define the terms (a) absolute convergent series
and (b) conditionally convergent series.
Answer : Dec.-17, Q4
Absolute Convergence

Let Zu_be a series of positive and negative terms. Then
2u is said to be absolutely convergent if | Zu | is convergent.

Conditionally Convergent

Let Zu, be a series of positive and negative terms, then
2u_is said to be conditionally convergent if,

(i)  Zu, is convergent

(ii) | Zu, |is divergent.
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1.4
Q17. Show that the series Zsmg X converges
n
absolutely.
Answer :

Given series is,

sin n x
2

n

oo

A series Za” is said to be absolutely convergent, if

n=1

2| a, | converges.
n=l1

sin nx . . sin n x
X —— is convergent if X 7 | converges.
n n
sin n x 1 )
As 1 <% [~ |sinnx|<1]
n n

1
And as X —- is a power series with power =2 which is > 1
n

sin n x

n2

1 .
». £ —- is convergent, and hence

B 2 converges

) ) sin n x
.. The given series X——
n

is absolute convergent.

Q18. Show that the series zsmsnx converges
n
absolutely.
Answer :

Given series is,

sin nx
2

n

By definition, a series X a, is absolutely convergent if
n=l1

Z1|a”| converges.
n=

Zsin nx _ |sin ] . Jsin 2x] . lsin 3x] .

n’ 1’ 23 23
|sin nx|
‘”n| = n3

Let,

1

Vn - n_3

Then,

=M<L (- |sinnx| < 1)

oo ' -
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Also,

I . . .
X — is a power series with power =3 > 1.

1 . |sin nx|
X — isconvergentand hence X ——
n n

converges.

) ) |sin nx|
The given series X ——
n

is absolute convergent.

Q19. Show that series Zcosznx is absolutely
n
convergent.
Answer :

Given series is,

Z cosnx
2

n

=

A series Zan is said to be absolutely convergent, if

n=1

Z|an | converges.
n=1
2 cos nx
2

cos nx

2
n

cos nx
> converges.

is convergent if Z ‘
n

1
s
n

1
X —5 is a power series with power ‘2°, which is > 1.
n

1

. cos nx
. 2— is convergent, and hence 2
n

converges.

2
n

COSHX .
is absolutely convergent.

*. The given series 2
n

Q20. Discuss the convergence of the series 212 .
n

Answer :
Given that,

Here,
1 1
2 n? N Z n?
P=2>1 [+ P>1 the series is convergent by P-test]

1 .
Z—P is convergent by P-test
n

1
Hence, 2—2 is convergent by P-test.
n
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PART-B
ESSAY QUESTIONS WITH SOLUTIONS

1.1 SEQUENCES, SERIES, GENERAL PROPERTIES OF SERIES, SERIES OF POSITIVE TERMS

Q21. Define the following terms,

(a) Sequence

(b) Limit

(c) Convergent sequence
(d) Divergent sequence
(e) Bounded sequence

(f) Monotonic sequence.

Answer :
(a) Sequence
For answer refer Unit-3, Q1.
(b)  Limit
For answer refer Unit-3, Q2.
(¢) Convergent Sequence
For answer refer Unit-3, Q3.
(d) Divergent Sequence
For answer refer Unit-3, Q4.
(¢) Bounded Sequence
A sequence of the form u, <k (where & is any number) is known as bounded sequence.
® Monotonic Sequence
A sequence which increases or decreases with respect to u, , 2 u, (or) u ,, <u is termed as monotonic sequence.
Examples
i) 1,4,7,10,...
(1) 1 LI
1273747
A sequence which satisfies both monotonic and bounded sequence is known as convergent sequence.

Q22. Define and explain about oscillatory sequence.

Answer :

Oscillatory Sequence

Let a, be a sequence. If'a sequence {a, } neither converges to a finite number nor diverges to +oo or —oo, then a, is called

as an “oscillatory sequence”.

(@

There are two types of oscillatory sequences. They are,
(i)  Oscillate finitely and

(i) Oscillate infinitely.

Oscillate Finitely

If a bounded sequence does not converge, then it is said to oscillate finitely.
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For example,
Consider the sequence {(-1)"}.
Let,

a,= (-1y
It is a bounded sequence,

= Lt ay,= Lt (-1)*"=1

and
= Lt ay,,= Lt ()=
Where,

n=1,2,3,... 0.

For the given sequence Lt {a, } does not exist.

n— oo
The given sequence does not converge. Hence, the
given sequence oscillates finitely.

(ii)  Oscillate Infinitely

If an unbounded sequence does not diverge, then it is
said to oscillate infinitely.

For example,
Consider, the sequence {(-1)".n}.
Let,

a=(1)y.n

It is an unbounded sequence,

= Lt ay,= Lt (-1)*"2n
n— oo n— oo
n— oo
Lt a,,=+oo
n— oo
and

Lt ay,, = Lt (-1)*'2n+1

n

— Lt —-n+1)

n— oo

=—

Lt ay,, =—o

n — oo
The given sequence does not diverge.

Hence, the given sequence oscillates infinitely.

Q23. Write about the following,
(i) General properties of series
(ii) Series of positive terms.
Answer :

(i) General Properties of Series
Property 1

The addition or removal of finite number of terms from
series, does not have any affect on the nature of the series (i.c.,
convergence or divergence of an infinite series).
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Property 2

For a series containing positive and negative terms and
all the positive terms are convergent, then the series remains
convergent. Moreover, the presence of negative terms does not
affect the nature of series.

Property 3

The multiplication of finite number to the terms of
infinite series does not affect the nature of the series.

(ii)  Series of Positive Terms

An infinite series which contains all the positive terms
after few particular terms is called series of positive terms.

Example: - 1-2-3+4+5+6+7+8+ ...
Condition for Convergence

The necessary condition for convergence of a positive
term series Xu_is given as,

X Limu, =0

n—eo

Q24. Define the convergence of an infinite series.
Show that the nt" term of a convergent series
tends to zero. Is the converse true?

Answer :

An infinite series Zu,, is said to be convergent if

n=l1
ZM,, = Zum = Lt S, =/, Where [ is a finite value and

n—sco
n=1 m=1

unique and S is the n™ partial sum of the series.

n—seo

If Lt S does not exist, then the series Zun is said
n=l1

to be divergent.

If the series Xu_is convergent, then Lt u =0.Itis
n—oo

only a necessary condition and not sufficient so, the converse
is not true.

If Zun is a sequence and if § and S | are its nth and

n=1
(n — 1) partial sums.

Then, S-S  =u,

1

Lt u= Lt (S-S )=1-1=0
n—eo n—soco

Lt u =0
n—oo

.. Converse is not true.
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1.2 COMPARISON TESTS, TESTS OF CONVERGENCE D’ALEMBERT’S RATIO TEST
Q25. State and prove comparison test.
Answer :
Comparison Test I

If Zu_and Zv _are the series of positive terms such that, u <v_V n and series Zv _is convergent, then other series Zu_is
also convergent.

Proof
Consider two series of positive terms,
u=u +u +u +... +u and
n 1 2 3 n
v =y Tty tv+t... +tv
n 1 2 3
Foru <v
n n

limu, < limv,
n—eo n—oo

Since, Zv is convergent, lim v is finite
n—yeo

Therefore, lim u, also has a finite value and it is also a convergent series.
n—eo

Comparison Test I1
If Zu and Zv _are the series of positive terms such that, u > v V n and series Zv _1is divergent, then Zu also divergent.
Proof
Consider two series of positive terms,
u =u +u, tu +... +u and
v=vty, vt tv

Foru >v
n n

limu, = lim v,
n—eo n—eo

Since, 2v is divergent, lim v = oo
n—eo

Therefore, lim u = oo and Xu  also divergent
n—soo

Comparison Test II1

If Zu and v, are the series of positive terms such that lim —* = finite (# 0), then Xu_and Xv_both converge or diverge

n—oo Vn
together.
Since,
. u
lim 2= =/
n—e y,
By the definition of limit,
un
L ]| <e forn>m
n
Where,
€ — Positive number
(or)
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u
—e<2t—-]<e ; forn>m

Vi

(or)

u
l-e<<]+e; forn>m

Vi

By eliminating the first ‘m’ terms of both the series,

I—e<Y <lte foralln (1)

Vi

Thus, there exist two cases.
Case(i): When Zv is Convergent

If v is convergent, then,

Iim, +vy, +v3+...+v,) =k .. (2)
n—seo
From equation (1),

u
L <]+e

Vi

= u <(+g)v,  Foralln

Im (uy +uy +.ccoou, ) <((+€) im (v +v, +......+v,) = (I+€)k [~ From equation (2)]
n—o0 n—yo0

2u_is also convergent
Case(ii): When Zv_ is Divergent
If 2v is divergent then,
lim (v, +v, +v3+....+v,) = NE)
fi—so0
From equation (1),

u
l—e< X+

= u >(-¢)y, ~ Foralln

m (uy +uy +.cooctu,) > (=) Im (v, + v, +oooctv,) = 00 [ =+ From equation (3)]
— n—oo

n—oo

Therefore,Zu_is also divergent.

Q26. Test the series E(Vn" +1-+/n* —1) for convergence.

Answer :

Given series is,

" [m_m}([\/n“ +1++/n* —1:|
]
! Int +144n* -1
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n4+1—n4+1 ljnlu" A,Lhn___l___ x”
U = e 5 n o, -n"
"oNnt +1+4nt -1 nse Vyoonoe XU+ X
) 1
2 = Lim G axr "
u =" 57— n—e (X" +x )X
"m0t -1
1
__Highest power of 'n'in numerator = Lim —,
Ya Highest power of 'n'in denominator i x—n+x_2"
X
n° 1
= v, = = Lim —;
\jn4 n—oe 1+ X n
1 — L — 1 - 20 —0
= =3 = P=2>I “1ro0 [-2x*"=0asn— o]

2 v is convergent by P-Test

2
. u .
Lim 2 = Lim
n—e Y, n—deo vt +1+4n* =1
1

7’12

. 2n?
= Lm "

o At 1440t -1

2y is convergent.
2u is also convergent.
Case (ii): When x <1
Comparing the given series Xu with Xv = 3x".

noe Y, oo | X" 4 x7T" X"

Lim Un _ Lim ;L)

1 1
2 = Lim|—— | = Lim
. 2n n—eo o xn n—co (XZn +1 )
= Lim | N X7+
n—oo n
A 1
=——=1 -rx=0asn— o
B 2 0+1 [ "ol
VI1+0+41-0 2v is convergent.
2 2 2u is also convergent.
TS 1#0
+ - Case (iii): When x=1
Lim=" %0 Su =24l te
n=e Vy 2 2
= z u, Z v are convergent by limit comparison test. Which is divergent.

u = Z I:\l n*+1-+n* —1] is convergent.

2u is divergent when x = 1 and convergent for x
<landx>1.

Q27. Testthe convergence of the series Z
n=1
Answer :
Given series is,
N 1
P

n=1 X

x—n
Case (i) : When x> 1

Comparing given series Xu with Xy =Zx™,

Q28. Test for convergence of the series

1 2 3 4 5
x"+x™" 1_p 2_p 3_p 4_p .......
Answer :

Given series is,

2 3 4 5
St —+—+....
117 217 317 4[7

n+1
Let, u,= 7 andv, = Py

SIA PUBLISHERS AND DISTRIBUTORS PVT. LTD.



MATHEMATICS-I
Then, By comparison test, #_and v, convergent or divergent
together.
u, n+1 '
= = N/ u
Yy n’ v is convergent, —* is also convergent.
n
1
n|l+! . . n+1)(n+2) .
n 4 The given series ZM is also convergent.
= n? n*n
n?
Q30. Discuss the convergence of the series
1+—
on o pl 3 Yn+1-y/n
=— N nZ .
n
Answer : Dec.-16, Q17(a)
u_” =1+ — . . .
Given series 1s,
% n

()
=[l+—|=a+0=120

By comparison test Xu and Xv_are convergent.

(n+1)(n+2)

nd/n

Q29. Test for convergence of Z
Answer :
Given series is,

_ (n+D)(n+2)

u, —n3 \/;

n(1+:l}n(l+i)
= u = N
n2(1+i) (1+i)
n’\In
[1+rll)(l+i) i (1+i}(l+i)

n\/; 032
1 1

3
Let,v = = — where P= —>1
n n3/2 np 2

v is convergent by P-test.

10+

| AP 5 S/

n—oo vn n—oo 1

1 2 |
Lt [I+=— ||I+—Jasn—o, —0
n—oo n n n

(1+0) (1+0)=1 (finite)
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"y = Jn+1-yn
n 2
n

_aEidn a4
a n’ \/n+l+\/;

_(Wn+ 1P (/n)

P2t 1 )

_ ntl-—n
L)

_ 1 _ 1
nz.n%<\/l +%+ 1) n%(\/”liﬂ)

_ Highest Power of 'n' in numerator
Vn Highest Power of 'n' in denominator

Highest power of n in denominator

|
Lt Un _ [t
n— o Vn n— oo n%(\/l-l-l;-H)
15
n
L
e ST
1
J+0+1
__1 _1
“T+1 270

2u ; Xy are convergent.

w1

is convergent.
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Q31. Test for convergence of the series,
1 3 5
+ +— + ...
123 234 345
Answer :
Given series is,
1 3
123 234 T
. 2n+1)
L., Zu = —_———
> n(n+1)(n+2)
2n+1
: = — “es 1
T )+ 2) O
Numerator is a linear factor and denominator is a polynomial of degree 3.
n 1
L= DY —== ) —
D
1
= v o= .. (2)
n

Dividing equation (1) by equation (2),

u, (2n+1) n’
= @ —=———"""X—
v, nm+h(n+2) 1
n*n 2+l
_ n
n3(1+lIl+2)
n n
2+ 1
U . n
Vn (1+111+2)
n n
!2+1l
Lt[”—"J— Lt L ;
AT )
n n
240
© (1+0)(1+0)
2
== =220
1

Therefore, Zu, and Zv converge or diverge together by comparison test.

1 1. .
2y, =X— isaP-series with P=2>1 ( 2y, = Z—p is a P-series

n n
A P-series with P> 1 converges
2y is convergent

Similarly, Zu_is also convergent.
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Q32. State and prove D-Alembert’s ratio test.

Answer :

If Xu is a series of positive terms such that,

u

lim —L =3
n—e U,
(1) If A <1, Zu is convergent
(i) IfA>1,Zu is divergent
(ili) IfA =1, test fails.
Case (i) : When Limh =\<l1

n— oo u

n

From the definition of a limit, a positive r(< 1) can be determined such that,

Up+1

<p;,foralln>m
n

By eliminating the first ‘m’ terms, the series is given as,

Then, u tu, Fugtu, oo

u u u u u u
=u [+ 2+ 2 X2+ A2t oo < (1 47+ 72+ + .. )
Uy Uy U Uz Uy U

= ( Sum of Geometric series, S, = a(i;r)]
—-r

2u_is convergent.

Case (ii): Where Linr =1>1

L Bkl u"

From the definition of limit, ‘m’ value can be determined, such that == >1 for all > m

u,

By eliminating the first ‘m’ terms the series is given as,

u, + u, -i-u3 + ...

Where,
u u u
2>, 3>1,-4>1....
U U us

U, Uy u
u tu,tugtu o = 1+2+2 24 2u(1+1+1+...n)
' LIS

=nu

1

wolmo (u tu, )2 im (nu))
n—yoo

As lim (nu,) — oo, Zu is said to be a divergent series
n—oo
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Case (iii) : When A =1
1

Consider a series Xu = Z—p
n

A= lim g | — L
n—eo U n—oo (n+1)p

n

1 1
= lim n? | =
Pl 1Y Y%
n?| 1+— 1+—
n [e5e)
1 1
= — - -
(1+0) 1

. 1 . .
Therefore, the series z—p is convergent for p > 1 and divergent for p < 1.
n

For p = 1, it is not possible to find the nature of the series thus test fails at A = 1.

Q33. E ine th f th i 1+X+X2+ + X" +
. Examine the convergence of the series — + — + — +.. .+ ——— + ...
g T (2n—1)P
Answer :
Given series is,
! + ol + x + + x"
| ARG T GO ) ) o
Consider,
xn—l
Su =2x———
" 2n-1y"
xn—l xn—l
Ym0 1Y
=17 (1
n
xn+1—1 xn xn
Then, .= Qu+D-1" 2n+1)? (. 1Y
n+1)- +
(2n+D) np(2+T
n
By D-Alembertz ratio test,
B S P
o Hpw n” (2+1/n)" n
n—1
w, > (1
n’ (2-1/n)? n
X<2 1)1) P P
u “n 2-0 2
-~ It ZH:LI 1np:x(Jr )p:x(p):
n—oo Uy p-oo <2+7> (2+0) 2
n

2u_converges when x < 1, diverges when x > 1 and fails when x = 1.

By limit comparison test for n = 1.

SIA PUBLISHERS AND DISTRIBUTORS PVT. LTD.



MATHEMATICS-I

1.14
1
v =
n np
I
T Ol Vi) L R S
n—ey 1 n—yeo (2 - l/n)p
n
1 1
Lt - Lt —— — ~ (finite)
noey oo (2=1/n) 2

2u converges when x < 1 and diverges when x > 1.

2

. . ~h
Q34. Discuss the convergence of the series Z—n
n=1
Answer :
Given that,
u =y =
Z n o 3"
n2
= u,= 3
C(n+1)?
= U= 3n+1

By applying D-Alembert’s ratio test,

(n+1)?
un+l B 3n+1
w, |l
3}1
(n+1)* 3"
= 3n+1 _2
3T 5l
n (1+n> 3_: no(l+
33 n? 3n?
1 2
Up+l _ <l+;>
u, 3
Applying limit on both sides,
1 2
2 1+5)
Lim =L — Lim "/
n—e Yy, n—>oo 3
1+0)* 1° [ 1 0]
= == |["n—-o0,——
3 3 ’
1 1
=—<
3
Lim n+l <1
n—ee

By D’ Alembert’s ratio test, the given series Z u
is convergent.

n
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n

X
Q35. Test for convergence of _,
J zn(n—1)(n—2)
Answer :
Given that,

2 ~
nn—1) (n—2)
Let,

xn

YT n—1) (n-2)

xn+l

y o =—-
" (n+)(n)(n-1)
Applying D-Alembert’s ratio-test

n+l

x
e n(n—1)(n+1)
u, x"
n(n—1)(n-2)
x
_nt+l _x(n=2)
L (n+))
n-2
xn 1—g
L Zet_ gy L

1y
n—yoo u n—oo
" n(1+)

n

By D’Alembert’s ratio test,

2 u converges whenx <1, diverges when x> 1 and fails
when x=1

When x = 1, by comparison test,
1

ie, u= —n(n—l) =2
1 1
v =— =—;3;P=3>1
n n?

v is convergent by P-test.

1 1
B

u, nn=-hHn-2) n’
v, RS 1
n’ n

Ly oo @ =1 (finite)

n—oo
vn

v converges.
n

n

b
2u,= Zm converges when x <1

and diverges when x > 1.
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Q36. Discuss the convergence of the exponential

2 x3
+X+ — + — +
series 1 +x 21 3l
Answer :
2
3

Givenseries | +x+ — + — +
2! 3!

Let the given series be,

$u-%
u =
n=l1 ! n=lI (n_l)'
xn—l - xn
n (n 1)' > a1 T n'
u, " al

] — (=D %"

n
=— forx =0

x|
u
Lt 2 = Lt —=0>1Vxz0
n—e 1y n—>oo|x|

n+l

oo

. By D-Alembert’s ratio test, the series 2

u,| is

n=1
convergent for x # 0.

When x = 0 the given series is,

1+0+0+....which is convergent.

Hence, Z|un| is convergent V x.

n=1

*. The given series is absolutely convergent for all x.

Q37. Discuss the convergence of the series

i::\/Lx" x> 0.

Answer : June/July-17, Q17(a)

Given series is,

n=1 n°+1
n
Let, u = [ X o= X
n-+1 n°+1
ntl n+l

= u =—F————X
n+l /(n+1)2+1

_ nt+1l ot
(n+1)%+1

1.15
By applying D-Alembert’s ratio test
n xn
Un _ I’l2+1
Un+1 n+1 RS
(n+1)*+1
Un _ _ n_ n’+2n+2 1
Un+1 ntl p241 "x
u AR 1
. n_ . n 1 — 1
= Lim o, = Lim I L x ~xM7y
n— oo Cat A VAR S et

By D-Alembert’s ratio test,
2u converges if% >11ie,x<1

Zu diverges if % < li.e., x> 1 and the ratio test fails

whenx =1
Whenx =1,
u,= )= 1y
n

1
Let, v = —
Vn
1 1
VL
Un n2 . 1
Lim 3, = Lim Lim =1
- n 1 - 1
n o) n— oo = n o) 1 +_2
Jn n
Lim 1 I # 01i.e., it is a finite value.
n— oo 1 +_2
n

According to comparison test, Zu _and v converge
or diverge together.

As Xv =2L which is of the form ZLP with
n ‘\/; n
p=y <l
Xv diverges

= Zu diverges
n

Therefore, the series converges when x < 1 and
diverges whenx = 1.
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1.16
Q38. Test for convergence of the series,
1, x2 . x4 . x® .
21 302 avs sy

Answer :
Given series is,
2 4 6

1+x+x+x N
RN APV AT e

2n—-2

X
ie, u=———— .
T T+ )
2m+)-2
Then, u ., =
T () + D+l
x2n+2—2
. S
" (n+2)Wn+1
x2n

u = — .2
" (n+2)Wn+1 @
Dividing equation (2) by equation (1),

u X" Jn(n+1)

n+l

u, (n+2n+l x

__(+Vn
C (m+2)Wn+l1

n+l( n /2 2
| n+2|l n+1

1
nfl1+— 2
L et =gy . .

. X=x
A P
n(l+n)n (1+l’ll/2)

Hence, Zu converges when x*< 1 and

x2n+2—2n)

2u, diverges when x* > 1

When,
x*=1
1
Y- ——
" (m+1Dn
__ 1
(n+1n"?
1 1
- =5
n
and,
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1
p o= ——
n n3/2
1 3/2
Llu—n: Lt—n—zl

n—e y, n—)oon3/2 ’ 1+l
n

. Zv _is convergent series, and
2u_ is also convergent.

The given series converges when and x*> 1 it diverges,
when x> > 1.

1.3 CAUCHY’S n* ROOT TEST, RAABE’S
TEST, LOGARITHMIC TEST
Q39. Write about Cauchy’s root test.

Answer :

If Zu, is a positive series such that lji)nm u " = A then
@A) Zu is convergent if A <1 '
(i)  Zu, is divergentif A > 1
(iii) Test failsif A =1

Case (i): A <1

If lim u =<1

n—»oo
From the definition of limit, the value of a positive

number 7 (A < r < 1) can be determined, such that,
(u)""<rforalln>m
= u,<r'foralln>m
r <1 then Xr" is convergent.
Hence, by comparison test, Zu, is also convergent.

Case (ii): A>1

If im (u)"™=A>1
n—soeo
From the definition of limit a positive number ‘m’ can
be determined, such that,
(u,)">1foralln>m
(or)
u >1foralln>m
By eliminating the first m terms, the series is given as,

u, tu, tu + .. owhereu > 1,u,>1,u,>1

And lm (u, +u,+ .. Tu)—>eo

n—o0

Thus, Xu is divergent.
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Case (iii): A=1

When A =1 Cauchy’s root test fails and other tests are
to be applied.

Q40. Discuss the convergence of the series,

2‘[(n+1)x]n

nn+1

Answer :
Given series is,

> [(n+ 1)x]"

nn+l

L ((n+1)x)"

n n+l

n
[[(n + )] T "

Lim (un)l/n = 7 1
n .n

n— o0,

Lim

n—>c0

. (n+D)x
= Lim= 55—

n(l + l)x

oo n1+%

~Lim——5
(1+0)x
= =x
Lim (u,)"" =x

n—

By Cauchy’s root test, u,

(i) Converges, ifx <1

(il) Diverges, if x> 1

(iii) Atx =1, Root test fails then
By applying limit comparison test,

[((n +1)x)" ]
el T

n

n" 1+l i
(n+1)" n
u = -

n n+l n 1

= (D)

()

Dividing equation (1) by equation (2) and applying limit.

Lt U, _ Lt —n
ey, woe (L)
1 n
|1+l
n
= Lt .I/l:e;é()
n—soo n

If nI:)tw u # 0 then Zu is divergent.

. Zu, is divergent for x = 1 .. (2)
Combining equations (1) and (2),

Hence, Zu,

(i) Convergesifx<1

(ii) Divergesifx 1.

1 n
Q41. Test the series 2(1 +H] for convergence.

Answer :

Let, u = (1+l] (1)
n

Taking 7" root on both sides of equation (1),

{0

n
” 1/n
1
e [(]]
n
n — 1
= )" =1+— )
n

Applying limits on both sides of equation (2),

1
Lt (u)" = Lt |1+—
n—yoo n—yo0 n

&

Therefore, according to Cauchy’s root test,

(e o}

=1+0

Lt (un)l/n =1

n—seo

03

Yu, is convergentif x <1 and}

2u, is divergentif x >1

Here, x = 1, Cauchy’s root test fails.
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Now, applying some other test such that, Q42. Test for convergence of the series
31
1y 1\"
u, = 1+— 1+ —
. 3 5)
r Answer :
_n¥?
1 1
=|— u=1+—
= u o . (@ n \/;]
1+—
L n 1 S 'l
I/n " 1
u =|1+— = —
Applying n' root test on equation (4), (t) \/; J (1 * \/; J
o 1/n 1
. (un )l/n = | Jn
= (u )l/n = — 14—
n ( 1 ) n J;
1+—
L n n 1 1
Lt ()" = Lt ———-1
- — n—o0 n—>o0 1 1 (1 + 0) n e
n
1
= (w)" = 1 " By Cauchy’s n" root test, Xu_converges.
1yl
1+— 2 3
L n ] Q43. Testthe convergence of the series [g)x + (Z]
1 X2 + 4 X3+, ..
= ()" = (5 5
1+l Answer :
n Given series is,
Taking limits on both sides of equation (5), 2 3 4
x| =12+ = P+
1 3 4 5
Lt (u)"= Lt V1
n—oo " n—yoo 1+ 1 - +1
— n
n = z "
=\n+2
= Lt 1+l
e n Let, u = ntl)
"t o\n+2
=1+— v
oo ( )]/n _ n+ 1 ¥
=140 n n+2
a
=1 ] 1
n’ (1 + )
ngtoo (un)l/" 730 Lt (un)l/n _ Lt n y X
n—oo n—»oo 2 n
% 1 +—
If Lt (u)" # 0 then Zu is divergent. n ( n)
n—>o0
Therefore, the given series is divergent. ( 1 )%
I+—
Since, 2u =1 .. (6
! © = Lt ALV X=X

Thus, from equations (3) and (6),

Zu, converges if x <1 and diverges if x > 1.
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By Cauchy’s n' root test, the series converges if x < 1,

diverges if x > 1 .. (1)
Forx=1,
n+1
u}l =
n+2
1
1+—
Lt (u,) = Lt g —1#0 ()
n—o0 n—o0
1+~
n

From equations (1) and (2), the given series converges
if x <1 and diverge if x > 1.

Q44. Discuss the convergence of the series

2(1+1) x",x >0.
n
Answer :

Given series is,

Z(Hl) x", x>0
n
Let,

u = 1+l) .)Cn
n n
r e
1 n
N (1+;) .x":|
1+l)x
n

1
Lt ul =Lt (1+—]x
n—oo n—yoo n

=X

Lt ul = (D)

n—sco

From Cauchy’s n" root test, if Xu_is a series of positive
terms such that Lt u/ = p, then,
(@) Zu, convgr_)g; ifp<l1
(b)  Zu, divergesifp>1and
(c) Test fails to decide nature if p = 1
From equation (1),

2u is convergentifx <1, divergentifx> 1 and test fails
ifx=1

Whenx=1

1
u = (1+—]x
n
” 1
Lt u)" = Lt |1+— [x
n—yo0 n—oo n

=e#0
2u is divergent

Hence the series is convergent if x < I and divergent if
x=1.

Q45. Discuss the convergence of the series
n
Z(n+2) ey
n+3
Answer :

Given series is,

n+2Y ,
Z(n+3) ¥

Let,

X[

l/n: (n+2) ﬁ
n+3

[
VY
S (S
+ |+
[SSH N ]
\_/

lim = lim
n—oo N0 1+§
n

1+0
=l—|x

1+0
=X

By Cauchy’s n” root test, Zu converges if x < 1 and
diverges if x > 1 and fails if x = 1

Forx=1,
_ n+2)n
“y n+3
n
n" (1+2)
_\ n;
n" (1+3)
n
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lim u, = lim
n—oo

n
lim (1+— =¢?
62 n—eo n
= _3 n
€ 11m(1+—) =¢°
n—oo n
1
=—%0
e

% u, is not convergent.
Thus, X u is divergent.

Therefore, the series is convergent if x < 1 and divergent
ifx>1.

Q46. State and prove Raabe’s test.
Answer :
Raabe’s Test

IfZu is a series of positive terms, and lim n[ Un__ 1]
= k. Then, me \ U

(1)  Series is convergent for k> 1

(i) Series is divergents for k£ < 1

(ii1) The test fails for k= 1.

Proof
Consider the two series 2u_and Zv,

1
Where, 2v = Z—p and it is convergent for p > 1.
n

Case (i) : Fork>1

Assume a number p such that,

k=2p<1
Comparing Xu, with v , which is convergentas p> 1,
Up 5 Vn
Upt Vit
1
ie, Mo >_ n”
Upi1 1
(n+1)?

P
Z(HLJ
n
=1+ L p(p' b1 — t.

n 2! n?

[.- From binomial theorem]
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Uy s p pp-D 1

2
Uy n 2 n

N Lpp-D 1
Uy 2! n

fim n| 21 Zlim|: Fp=b1, }
T n—soo 2! n

If k> p then Zu_is convergent.
Case (ii) : Fork <1
Select a number p such that,
k<p>1
Comparing Xu, with Zv , which is divergent as p < 1,

<

P p(p
n 2! n

D1
2+

[.- From binomial theorem]

o eI I P <p+ pp=1) 1)1 .....
Uy 2! n

Limn[ ] IJSLim[p +p(p—l).l+ ...... :|
n—e | U

n+l n—ee)

Therefore, if k£ <1, then Zu_is divergent.
Case (iii): Fork=1

If k£ = 1, the test fails because it is not possible to
determine whether series is convergent or divergent.

Q47. Discuss the convergence of the series

Y 4710......(3n+1) ,
1.2.3.c..n

Answer :

Given series is,

47.10.....3n+1) ,
= X
D) 123..m
4700 Gn+1)

= X
- " 123.m (1)
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4710 G130 +4)
_ L@
=t 123 n(n+l) @

Dividing equation (2) by equation (1),

Uy 4.7.10....... (Bn+1)(3n+4) ol
= —_—
u, 1.23. n(n+1)
123 n 1
X P
4.7.10......... @Bn+1) x"
Uit _ (3n+1)(3n+4)
=
u, (mn+DHGBn+ l)x
Uy (Bn+4)
— e
u, (n+1)
n 3+ﬂ
u n

n+l

:> =
Un n(1+1)
n

Applying limit on both sides,

X

3+i
u
= Lt —L — Lt ;l x
= HW(H)
n
Lt un+l 73
n—oe U,
(or)
Lt un+1 — L
n—oo Y 3x

By ratio test,

@) Converges, if 3x < 1
. ]
ie., -

3

(ii)  Diverges, if 3x>1

. >1
ie., -
e, X 3

1
(iii) Atx= 3 ratio test fails

By applying Raabe’s test.

U,y (3n+4)x

w,  (n+1)
_Gn+d 1
 (n+1) 3

1.21
U,y _ GBn+4
- u,  (3n+3)
u, (Bn+3)
T L (n+d)

n+l

Substituting ‘1° on both sides

oM 3n+3_1

u,., 3n+4

u, 3n+3-3n—-4
= U, T 3n+4
- - -1

u 3n+4

Multiplying ‘n’ on both sides,

n

u, -n -n
n -1]= =
(”"“ ) (Bn+4) n(3+4)

u
Lt n| —*
=0 un+l

By Raabe’s test the given series is divergent, for x = —

.. The given series is convergent if x < 3 and divergent

) 1
ifx>—.
3
3 3.6 3.6.9
Q48. Test for convergence —x + x2 +
gence ZX* 710" T 71013
s 3.6.9.12
+ ————— x4+
7.10.13.16
Answer :
Given series is,
3 36 5 369 ;3 36912 ,
7 710" T7103F T71003.06°
Numerator Elements Denominator Elements
3,6,9,12 ... 7,10, 13, 16 ...
a=3 a="17
d=6-3=3 d=10-7=3
t=a+n-1d t,=a+n-1d
=3+(n-1)3) =7+(n-1)(3)
=3n =3n+4
3.6..3
£ o
7 7. 10 7.10.. (3n+4)
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3.6..3n
P AL
" 7.10...3n+4)

C3.6.303(n+ D"
1 7.10..Gn+H[B(n+1)+4]

x" . (D)

3.6..3n(3n +3)]x" x!
= u, = .. (2)
7.10..3n+4)(Bn+7)

Dividing equation (2) by equation (1),

3.6..3m)(3n+3)]x" x'

un+1

L 710..(3n+4)

u, 7.10...3n+4)(3n+17) (3.6..3n)x"
U, (Bn+3)x

- =
u, 3n+7

Applying limit on both sides,

Lt U1 = Lt n<3+%)x
)
)

= (34 1)

n

u
= Lt n_H:x

n—oeo
un

By Ratio test, Zun
(1) Converges if x < 1
(i)  Diverges ifx > 1
(iii))  Atx =1, ratio test fail.

Applying Raabe’s test for x =1,

U, @Bn+3)x

u, (Bn+7)
u,  3n+7
u,, @Gn+3)x
Substituting x= 1,
u, 3n+7
U,, 3n+3

Substituting ‘1’ on both sides,

u, 3n+7

Uy T 3n+43

U, 3n+7-3n-3
Uyl 3n+3
Uy b

u 3n+3
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Multiplying ‘n’ on both sides,

u, | 4n
n — =
U, 3n+3

u 4
Lt n n__1|= Lt 3
n—soo u n—ee 34+ 2
n
4

s
4

=— >1
3

By Raabe’s test, Zun is convergent for x = 1

The given series converges if x < 1 and diverges if x > 1.

a(a+1)

Q49. Test for convergence 1 + a + 12

aa+1)fa+2)
23
Answer :
Given series is,
a(a+1) N a(a+1)a+2 +
1.2 23
_yalatD(a+2).a+n)
Let, Xu, = 2 1.2.3..n(n+1)
a(a+1)..(a+n)

= YT 123 n(n+1) - @)

1+a-+

_a(a+D..(a+n)a+n+l)
1 123 n(n+1)(n+2)

- (2)

Dividing equation (2) by equation (1)

u,,, ala+.(a+n)a+n+l)
T T, 123.am+h(n+2)
1.2.3...(n+1)
a(a+1)...(a+n)
~ M atntl
u n+2

n

Substracting ‘1’ on both sides,

- u”“,l: n+2 _
u, at+n+1
- u, _n+2—a—n—1
U, a+n+1
I T
u at+n+1
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Multiplying ‘n’ on both sides,

[un 1 a-am
-~ n 1| = —
a+n+1

Applying limit on both sides,

1-—
= Lt n U _q|= Lt &
n—>co U, n—yoo n[d 1]

—+14+—
n n

1-a
L (I-a)
a 1

T 4l —
n n

1-a
0+1+0

=1-a
By using Raabe’s test, Zu”

(1) Converges if 1 —a>1
—a>0
a<0
(i)  Divergesifl —a<1
-a<0
a>0

Q50. Test the convergence of the series

i 14.7.....3n - 2)

2.5.8..... GBn-1)"
n=1

Answer : Dec.-16, Q12(a)

Given series is,

i 1.4.7...03n-2)
n=1

258...3n-1)
147...061n-2)
Let, U= 558, (3n-1) - ()
1.47...3n-2)3(n+1)-2)
YT 258 .. Gn-1)Bm+1)-1)
147...G3n=2)(Bn+1)

= 41~ 258...3n-1)(3n+2) -2

Dividing equation (1) by equation (2),

147  (3n-2)
u, 25877 (3n-1)
untl 147 (Bn+1)

2587 (3n+2)
Un 3n+2

Substracting ‘1’ on both sides,

Un _3n+2 . _3n+t2-3n-1_ 1

T el P e e S T
. Un oy n
= nL_l,'fon<un+1 71)7,[1‘_1,"; 3n+1

. n _1
Ay T
n

By Raabe’s test, the series Z u, is divergent.

+X

a
Q51 Text for the convergence of series,

(a+2x)2  (a+3x)°
2 T3 T
Answer :

Given series is,

2 3
a+x N (a+2x) . (a+3x) .
1! 2! 3!

By inspection it is clear that the given series is a series
of positive terms.

Consider,

(a+nx)"
y=2r

n

n!
(a+(n+Dx)""!
y == T
n (n+1)!
Consider,
(a+nx)"
un — n'

Uy [a+(n+1)x]"!

(n+1)!

Applying limit on both sides,

(a+nx)"
n!
— Lim

n=e | (a+ (n+1)x)"!
(n+1)!

. u
. Lim| X
n=eol Upy

] n
Lim (n+D!(a+nx) 1
n—e pl(a+(n+1)x)""

' n
Lim (n+1).n!(a+ nx) 1
n—e pl(a+(n+1)x)""

Lim (n+1)(a+ n)c)”1
noe (g + (n+1)x)""
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(n+ 1)|:nx(a + 1):| (n+Dn" x" (a + IT
= %ir)g = PES I E‘gg = n+l
a n+l _n+l a
[(n + l)x( (n+1D)x + l):| (n+1)"" x ((n D + 1]

(n+1)n”.x"(a+1)

. nx
— Lim

n+l
(n+1)".(n+ 1).x"“(“ 1)

(n+1Dx "

a n
. (+1)
- Lim ( ? ).—. T
noel\n+l) x a
I (n+1)x
(a+1) 1 (+1)
= Lim ! = n+l1 = Lim n = n+l
(e ;{HJ e it 44
| n (n+1)x n (n+1)x
1 1 4
_ Lim| — | « Lim(—) x Lim| —"2 1
n—ee 1Y n—eo| x n—eo a i+
1+ — +1
n (n+1)x

. ( a >n+l
Lim W+ 1

n—oo

alx G
e . [ a
= 1 X —— ~Lim| —+1| =%~
ex e” nee| nx
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. . L o1 . 1 L 1 .
By ratio test, the given series is convergent if — > 1 i.e., x < — and the series is divergent if — <1 i.e., x> —.
ex e ex e

1
If x = — then test fails.

e
1
When x = —,
e n
2 41
1
nl =
u, 1 1 (e )
= X X
U, 1 7 1 n+1
1+— °
n
% +1
(n+ 1)()
e
u, e n
= n x n+l
u
n+l 1 + 1 ae + 1
n (n+1)

Since involves ‘e’, we apply logarithmic test.

Uy

Applying log on both sides,

ae 3
e{+1)
u n
= log( z ]—log - e
TR f R
n)l(n+1)
u n 1 n n+l1
= log| — [=loge+log € 1 —log|1+—| —log € 41
Uy n n (n+1)
= log n =1+ nlog | —nlog 1+l —(n+1)log © 11
Upi n n (n+l)

u, ae a’*e’ a’e’ 1 1 1 ae a’e’ ae’
= log sltn|———5+t——F5.|-nl———5t+t—=.. |-+l - >+ T
Uy n  2n 3n n 2n° 3n (n+1) 2(m+1D° 3(r+)

n+l

“, PR T I | 1 a2e? PN
= log =1 +ae- + 7 el = -t —ae - 7 T
U, 2n 3n 2n  3n 2(n+1)  3(n+1)

i u, —a’e’ N ae’ N 1 1 N a’e’ a*e’ N
= lo = — t— - — -

8lu, 2n 32 20 30 2(n+1)  3(n+l)

I u, 1-a’e? N a’e’ N
= =

%, 2 2n+l)

Multiplying ‘n’ on both sides,

1 u, 1-a%e’ N na’e’ N
= nlo =
Sl 2 2n+1)
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Applying limit on both sides,

. [ u, .| 1—-a%*  na’e’
= Lim| nlog| — =Lim + +...
n—soo | U, | n—oo 2 2(1’1 + 1)
i '] C 1—q2e? . 2.2
= Lim| nlog Uy ~ Lim—%°¢ + Lim e e + ...
n—yoo Uy n—seo 2 n—e 2(n+1)
| u, | 1-a%? . na*e’ )
= Lim| nlog = 5 )+ I;gg— + ... ['.'L]m(l)zl]
n—> | un+1 | 2n(1+] n—o0
n
i | 1= 422 ‘ 22
= Lim| nlog ST | 4+ Lim—%—
noe| Upir ] 2 n—eo 2(1 + 1)
n
. [ u \ 1-a?e? a’e?
= Lim| nlog| — = + + ...
n—yee L Uy /] 2 2(1 + 1)
= Lim—nlog Uy ﬂ = 1-d’¢" + a’e’ +
noe| Upir ] 2 2(1+0)
i ] 2.2
= Lim| nlog i | 1_ace + ﬁ +
n—seo Uy 2 2 2y 7
Li [ ! u, | 1 &% N a’e’ .
= m|nlo =— - .
e )2 2 2
a u, \| 1
= Lim| nlog| — =—<1
ni}m_ Uy /] 2

Since, the value obtained is less than one, by logarithmic test the given series is divergent.

. . 1 . . 1
Thus the series converges if x < — and diverges if x = —.
e

Q

Q52. Test the following series for the convergence,

| 1
1+ 1+£x2 +ix3 +...
2 32 43
Answer :

Given series is,

2! !
1+ f+—2x2 +i3x3 Fo.
2 3 4

From the given series,

nlx"

u =
" (n+1)"

(n+1)1x"!
y =tT)X
n+1 (n +2)n+1
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Consider,

nlx”"
w, |+

Uyl |:(n+1)!x”+1:|

(n + 2)n+1

n+l

u, nx".(n+2)

Uy (n+)"(n+ )"

u, nlx".(n+2)""!

Upy - (n+D)".(n+Dn!x" x

u, (n+2)""!

U, (n+D.(n+1)"x

u _(}1+2)"Jrl 1

n

p (nD™ T

w, [@+2]" 1
Uyt L (I’l + 1)

u

T x

w, [@+n+1]" 1
'x

Upsi | (n+])

n+l1
- =
Upi n+l X

Applying limit on both sides,

. u )
Lim "= Lim 4|1+
n—oo MnJrl n—>c0
. u
Lim " |=—Lim |1+
n—>oo un+1 X n—oo
. u 1
Lim |[— [=—.c
n—eo un+1 X
. u e
Lim | — |= —
n—eo \ Uy X

n+1
u, _ n+l1 n 1 l
Uy n+l (n+1) “x

(n+1)

5}

. . L . € . . . € . .
By ratio test, it is clear that the series is convergent if — > 1 i.e., x <e and diverges if — <1 i.e., x> e and the test fails
X X

e
when — =1=x=e.

X

When x = e,
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1.28 MATHEMATICS-I

since —2_ involves e we apply logarithmic test. Applying log on both sides,
u

n+l

1 1 n+l
u
1 | =log|—|1+
P e( (n+1)J
1 1 n+l
= log ol =log— +log|1+—
Upyl e n+l
Uy, | _ L 1
= log =loge!'+(m+1)log|l+——
Upsl n+l
u 1 1 1 23 A
log| —— | =—loge + (n + 1 - + | fotog(tam=x- X4 224
= log - oge + (n ){n+1 2n+1)> 3(n+1)’ J log(1+x)=x— 75 +%5 75
1 ol 1+m+1 ! + ! +
= =- -
° Upiy b (n+1) 2(n+1)? 3(n+1)’
log| — RIS S N S
= Y =— - wee
¢ Upty 2(n+1)  3(n+1)?
1 . -1 + : +
= o =
o |~ 204D 7 3001)?

Multiply ‘n’ on both sides,

log | Lz L
= =
T ) 204D 3k 1)?

u
znlog(

- 2
Ut ) 2n(1+1) 3n2(1+1)
n n

Applying limit on both sides,

-1 1
= Lt |:nlog( Un II = Lt 7 + >+
n—eo U, n—oo 2(1+] 3n(1+1)
n n

[e o)

u ~1 1
= Lt |nlog| — ||= 1 + 5+
o U 2(1+) 300(1+1]
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u -1
Lt log| — ||= +0...
= Lt ln og(un+l )] 2(1+0)

Lt | nlog| = L
= nlo =— = —
e | T 20 T 2

The series is divergent series.

Thus, the series converges if x < e and diverges if x = e.
1.4 ALTERNATING SERIES, SERIES OF POSITIVE AND NEGATIVE TERMS

Q53. State and prove Leibnitz’s test.

Answer :
If El (= 1" ' u, is an alternating series then it is convergent if,
n=

@ wu2u,>u,2..2u>u

1 2 3 n ntl Tttt

by Lty =0

n—oo 1N
Proof

1 = —1

Consider s =u, —u, tu, —u, + ... (= 1y u

And,s, =u, —u, tu,—u, ..o tu,  —u, .. (1)
Sy T U Uy T U U, T ..(2)
Uy, = Uy, Tl — Uy, - (3)

By substracting equation (3) from equation (2),

S S, =Uu

iy~ oy S Uy Uy o2 0 [ From condition (a)]

>
SZV!+2 - SZn v n

The subsequence {s, } of {s } is an increasing sequence.
From equation (2),
sy, = = [y —u)+ o+ (uy, ,—u, )tu,]

= u, — a positive number [ u—u

Uy e U

m-2 u2n71’u2n are pOSlthe ]
S2n < u] " n
{s,, } is bounded above

{s,,} converges.

Assume y}l_fg S, )
S2n—l = S2n + uZn
fim g, = lms,, + imy,
=1+0

[ From equation (4) and condition (b)]
{s,, ,} also converges to /

{s,} converges to

Hence, an alternating series ¥ (—1)"' u also convergent.
n=1
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Q54. Discuss the convergence of the series Z cozsnn .
n“+1
Answer :
Given that,
icosnn N D7
“~ptyl e+l
-1 1 1 -1)"
=—+ 55—t +(2 )
2 2°+1 3741 n°+1

1 1 1
R TR T AR

U > u, > Uz, > U

:>u1>u
n

n—

= un<unfl
1
And Lt u= Lt ———=0
n—e " noep” 4]

From Leibnitz’s test the given series is convergent.

oo

CosnT .
2 5 is convergent.
‘ont+1

Q55. Discuss the convergence of the series

X X2 X3 X4

- - +...(0<x<1
1+x 1+x2 1+x® 1+x* ( )

Answer :

Given that,

2 3 4 x"
X X X X -1
S S A =Y Sy

l+x 1+x2 1+x° 1+x* I+x

n

Let,u =
14+ x"
Since,
L+xmI<l+x"
1 1
-1 > n
1+x" 1+x

-1
x" x"

,1>
1+x" 1+x"
= u >u

n—1 n

=

=

= un <unfl
xn x" 1
Lt u = Lt = Lt = =0
n—seo n—e 14 x" n—0o0 xn(1n+lj oo +1
X

From Leibnitz test the given series is convergent.

2
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1 1 1
. E ine th f the al i ies ———+——...
Q56. Examine the convergence of the alternating series 12 34 56
OR
4 . . 1 1 1 1 .
By Leibnitz’s test, verify the series —-—+————... is convergent.
12 34 56 7.8
Answer :
Given series is,
1 1 1
12 34 56
First Elements Second Elements
1,3,5... 2,4,6,8 ...
a=1, a=4
d=3-1=2 d=4-2=2
t=a+tn-1)d t=a+(mn-1)d=2+m-1)(2)=2n
=1+m-1)(2)
=2n-1
1 1 1
— et — L =) ————
1.2 34 5.6 (2n-1)(2n)
Let,
1
R
" (2rn-1)(2n)
B 1
YT @n=3)(2n-2)
Consider,
B 1 1
Lot 2n—1)2n) ~ 2n-3)(2n-2)
_ (2n-3)2n-2)-(2n-1)(2n)
2 (2n-1)2n-2)(2n-3)
<0
u—u <0
uﬂ < un—l
1 1
Lim u = Lim ————=—=0
n—seo " n—yeo (2}'2—1) (2n) ol

From Leibnitz test X (—1)"! is convergent.

1
(2n-1)(2n)

Q57. State Leibnitz test and use it to test the convergence of the series 2(_1)“ 2 n T
n+

Answer :

Leibnitz Test

For answer refer Unit-1, Q14.

Given series is,
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The terms of the series are alternatively positive and (=1)" o
negative. = T . 1
Let (n+1).2"2 =D".(-1)~
’ n B n _n(=D
" 2nt1 2+ (=) 2(n+1)
Y T (e )+l 2043 uy,  2An+l) D |
. n n+l Then, Upr| _ |~
u,—u,., n+l 2n+3 u, 2(l’l+1)
_2n2+3n—2n2—2n—n—1 — Lt “n+1|:
(n+1)2n+3) v |ty | no 2Ant D
n
_ -1 = Lt 1
(2n+1)2n+3) ”*mzn@+nj
<
un unﬂ 1 1
" = Lt 1 = 1
Limu, = Lim = Lim ——— | 21—
noeo | n—e 2p+l  noee I’l(2+%) n oo
1 1
. 11 = =—<1
_r{irﬁz_'_% —5;60 2(1+0) 2
Both conditions of convergence are not satisfied. — 1Lt | Ut | <1
By Leibnitz test, the series is not convergent. It is oy |

oscillatory.

1.5 ABSOLUTE CONVERGENCE AND
CONDITIONAL CONVERGENCE

Q58. Test the series X(—1)"' Ln for absolute
convergence. n2

Answer :

Given series,

E 71 n—1
D Y

1
Let, u, = (-1 —

n2"
1 =D"
= — 71 n+1-1 —
tpy =D (n+12"" (n+1)2""
Consider,
(=D"
Uy _ (412"
u, (_anl
n2"
_ (=" N n2"
(n+1)2n+1 (_Dn—l

2u_ is absolute convergent.

Q59. Test the following series Z(—1 )+

n=1

n
2 for
n“+1
conditional convergence.

Answer : Dec.-17, Q12(b)

Given series is,

>ent -

n+1
Let,
n-1 N
u,= D n?+1
= u =1y,
Where,
n
" n*+1

2u is an a alternating series.

i.e., It contains terms which are alternatively positive
and negative.
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n+1
vn+1: 2
(n+1)” +1

v >y Vn

n ntl

n

Also, Lt v,= Lt

noe " s p? 4

Since,v >0,v >v and Lt v,=0
n n n+l n—s00

Thus, by Leibnitz’s test the alternating series is a convergent series.

2u is convergent

Test for Absolute Convergence or Conditional Convergence

n
u = (71)}1—1.
" n®+1
n
= ju,|= [=D". ‘
‘ n?+1
u,|= —-
= u|=
"n? 41
Let,
SH SR
Vﬂ n
2
Lt |M”|= t zn — = Lt 1
n—eo noe gt 41 1 noe 2 4]
n
2
= Lt " — Lt 11
nseo "2(1+12) oy L
n n

=1#0
". By comparison test, 2v is divergent

Hence, Zfu | is also divergent.

. Zv is convergent but not absolutely convergent i.e., it converges conditionally.

Q60. Prove that the series Z(— 1)1 s':% converges absolutely.

Answer :

Given series is,

S Tyt sm;wc
n

A series Zan is said to be absolutely convergent, if ZW‘ converges.

n=1 n=1

June/July-17, Q12(b)
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3= 1yt S i convergent if B ‘ -n"! SIE? * | converges.
n
sin% SLZ [ |sin nx| < 1]
n n
)y % is a power series with power = 2 which is greater than 1.
n
z # is convergent, and hence X(-1)"" sm? L s absolutely convergent.
Q61. Examine whether the series
1+ 1411 4. isabsolutel t ditionall t
- 22 32t 25z e is absolutely convergent or conditionally convergent.
Answer : Dec.-16, Q12(b)
Given series is,
1 1 1 1
-1+ ?—3—2 + F—? + ...
S D" 11,1 1
=—1l+F5——5+t-5—"5+...
- ; n 27 37 4752

Let

Y= =3 v
n=1 n=1 n=1

Where, v = Lz >0 Vn
n

_ 1
vn+]_ (n+ 1)2

Since < (n+1)* ;
= v >v Vn
n n+l

- It v= 1t Lzzo

n—oo M n—o0 pn

By Leibnitz’s test, the given series is convergent
Asu = (- 1)”%;

n
=7

" n

By p-test, [u | = Lz is convergent with p = 2.
n

As |u | is convergent, Zu is absolutely convergent.

1 1
2252

Hence, the given series — 1 + 1L

22 32"

+ ... is absolutely convergent.
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